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1. Overview

Table 1.1.: Overview

No. Date Time Lecture Room Material

1 Tue 27.10.26  09:00 Numerical Methods (Kick-off) 0503

2 Tue 10.11.26  09:00 2. Ordinary Differential Equations; 0503
3. Numerical Integration of a
Differential Equation

3 Tue 17.11.26  09:00 4. Differential Equations in Python; 0503
5. Eigenvalues and Eigenvectors

4 Tue 24.11.26  09:00 6. Systems of Linear Differential 0503
Equations; 7. Systems of
Second-Order Linear Differential
Equations in Python

5 Tue 01.12.26  09:00 8. Four Special Matrices K,,, C,,, 0503
T, and B,

6 Tue 08.12.26 09:00 9. Turbines and Turbochargers; 10. 0503
Models for Vibration Analysis

7 Tue 15.12.26  09:00 Project 0503

8 Tue 12.01.27 09:00 Test Examination, Discussion of 0503

Project Results







Part 1.

Ordinary Differential Equations






2. Ordinary Differential Equations

Papula (2015) gives an introduction to the topic in Part IV, Chapter 1, “Gewohnliche Differentialgleichungen” (ordinary
differential equations).

Definition 2.1 (Ordinary Differential Equation). A differential equation is a relation between an unknown function y(x), its
independent variable x, and an arbitrary number of its derivatives. An ordinary differential equation (ODE) is a differential
equation in which the independent variable, and hence the derivatives, are one-dimensional. We assume that an ODE can
be written in the explicit form

dny f dy d2y dn—ly
=fla,y, — —, ., ——
dam Y4 4z dgn

) , forshort 3™ = f (x,y,y’, ,y(”fl)) ,

where f is an arbitrary function of some or all of its arguments. The highest order of derivative n that occurs is called the
order of the ODE. O

Remark 2.1 (Memory Aid for Integration by Parts). Not entirely correct mathematically, but easy to remember:

/u”v:uv/uv’ O

Table 2.1 summarizes the symbols of this chapter. Up to Section 2.7, = denotes the independent variable and a, b denote
the coefficients of a general linear ODE. From Section 2.7 onward,  is the independent variable, x(t) the displacement,
and b the damper constant. Likewise, A first stands for a scalar amplitude and only in Section 2.9 for a matrix.

Table 2.1.: Symbols in Chapter 02

Symbol Meaning Type Defined in

General Theory

a Constant coefficient of a Constant Equation 2.3
linear ODE

(' + ay = g(z); growth
rate in y’ = ay)

a,b Constant coefficients of the ~ Constant Definition 2.7

general linear second-order

ODE

Y’ +ay +by=g(x)

Differential (dx, d—Z) Operator Definition 2.1
e Euler’s number Constant Example 2.1
f Function; right-hand side of  Function Definition 2.1

the ODE y' = f(x,y) or
y™ = fla,y, ..y

f(x) Coefficient function of the ~ Function Definition 2.6
linear ODE
Y+ f(2)y = g(x)

g(z) Forcing function of a linear ~ Function Definition 2.6

ODE; as a vector g(x) or
g(t) for systems

i Imaginary unit, j> = —1 Constant Proposition 2.2
n Order of an ODE; Index Definition 2.1
dimension of a matrix or
system
T Independent variable Scalar Definition 2.1



2. Ordinary Differential Equations

Symbol

Meaning

Type

Defined in

Lo> Yo
Y

Yns yp

Y1,Ys

C; Cy,Cy

A; )\172

T
o
8

|
local

Oscillations, Pendulums,
Reduction of Order

Initial point; initial value
y(zo)

Unknown function y(z) or
vector of unknown functions
General solution of the
homogeneous ODE and
particular solution,
respectively

Basis solutions of a
homogeneous linear
second-order ODE
Constant of integration;
Cy, ..., C, constants of
integration or coefficients of
the general solution
Combined constant of
integration of the general
solution

Factor function that replaces
C in the variation of
constants

Wronskian W (y;;ys)

Set of real and of complex
numbers, respectively
Real part of a complex
eigenvalue, Ay 5 = @ + jw
Angular frequency of the
forcing function

g(x) = sin(fz)
Eigenvalue or root of the
characteristic equation
(exponent in the ansatz eM);
A1 2 the two roots

Phase angle (initial phase
angle) of an oscillation; (4
of the damped oscillation;
©(w) phase response
Angular frequency
(excitation angular
frequency; imaginary part
of an eigenvalue)

First, second, n-th
derivative with respect to
the independent variable
Partial derivative

Integral

Absolute value

g(y) in Definition 2.4;
a,b,cand u in

Theorem 2.1; uw in
Proposition 2.1; g(z; y),
h(z;y), u(z;y) in
Definition 2.5; K (y) in
Example 2.7; ansatz
coefficients ag, a;, ay, A,
B; boundary points

Tq, ..., T, in Definition 2.3

Scalar

Function

Function

Function

Constant

Constant
Function
Function
Set

Scalar

Constant

Scalar

Scalar

Scalar

Operator

Operator
Operator
Operator
local

Definition 2.3

Definition 2.1

Theorem 2.2

Definition 2.8

Example 2.1

Example 2.2
Section 2.2.1
Definition 2.8
Example 2.2

Proposition 2.2

Equation 2.6

Section 2.3

Equation 2.6

Proposition 2.2

Definition 2.1

Definition 2.5
Example 2.2
Example 2.2
where used



Symbol Meaning Type Defined in

b Damper constant of the Constant Definition 2.9
mass-spring oscillator

c Spring constant Constant Theorem 2.7

g Gravitational acceleration Constant Section 2.8

1 Running index (component) Index Section 2.9

l Length of the simple Constant Definition 2.13
pendulum

m Mass Constant Theorem 2.6

r(t), w(t) Population of rabbits and of ~ Function Example 2.47
wolves, respectively

s(t) Arc length of the simple Function Section 2.8
pendulum

t Time Scalar Theorem 2.6

t1,t Time of the turning pointin  Scalar Figure 2.10, Figure 2.13
the overdamped case and in
the aperiodic limiting case,
respectively

U, Vg Velocity, v = Z; v initial Scalar Definition 2.9
velocity

x(t), z Displacement from the rest ~ Function Theorem 2.7
position; x, initial
displacement

Ty, T Homogeneous and Function Equation 2.24
particular component of the
oscillation solution,
respectively

Ty Static displacement, Scalar Definition 2.12
Ty = F 0/ ¢

z Complex particular solution  Function Equation 2.18
(underline = complex
quantity)

Y1y Unp, Components of the state Function Theorem 2.14
vector .S in the reduction of
order (y; =Y, Yo =Y, -..)

z Complex number Scalar Figure 2.14

A, A(w) Amplitude of an oscillation; ~ Scalar Section 2.7.2
A(w) amplitude frequency
response, A, = A, .«
resonance amplitude

A Matrix (coeflicient or Matrix Section 2.9
system matrix); @, ... , @,,
entries of its last row

Ay Amplitude of the damped Scalar Theorem 2.10
oscillation z(t) =
Age 0 sin(wyt + p4)

F Force; F'(t) external force,  Scalar Theorem 2.6
Iy its amplitude,
I, F,, F; component
forces, Fy restoring force,
Fy; weight

F(t) Complex excitation force Function Equation 2.19

K, Excitation amplitude per Constant Equation 2.17
unit mass, K, = F,/m

S State vector S(t); S; its i-th ~ Vector Section 2.9
component

T Period of oscillation; T{, of ~ Scalar Section 2.7.2

the simple pendulum, 7T}; of
the damped oscillation



2. Ordinary Differential Equations

Symbol Meaning Type Defined in

) Damping factor or decay Constant Equation 2.10
constant, § = b/(2m);
01,04, 05 sample values

A Discriminant of the Scalar Equation 2.11
characteristic equation,
A =5 —wi

v Frequency of the simple Scalar Section 2.8
pendulum, v, = w,/(27)

s The number pi (italic, Constant Section 2.7.2
KaTeX exception)

o(t), @ Angle of deflection of the Function Definition 2.13
simple pendulum; ¢, initial
deflection

U (w) Radicand of the resonance ~ Function Section 2.7.7.1
curve, ¥(w) =
(W3 — w?)? + (26w)?

Wy Natural angular frequency Constant Equation 2.8
of the undamped
single-mass oscillator,

wy = /¢/m (simple
pendulum: +/g/1)

Wy Natural angular frequency Constant Theorem 2.10
of the damped oscillation,

wy = /wi — &2

w, Resonance angular Constant Theorem 2.13
frequency,
w, = Jwi — 262
T, T First and second derivative ~ Operator Theorem 2.6
with respect to time ¢
Im Imaginary part Operator Section 2.7.6
T Transpose Operator Example 2.49
local Bodies 1, 2 in Theorem 2.6; local where used
turning points A, B in
Figure 2.22

The solutions of an ODE form a family from which additional conditions select a single solution.

Definition 2.2 (General and Particular Solution). The general solution of an ODE of order n comprises all solutions of the
equation. In general, it contains n undetermined constants of integration and describes a family of functions. A particular
solution is a member of this family in which the constants have fixed values. O

The constants cannot be determined from the ODE itself, but only from additional conditions such as initial or boundary
conditions. A particular solution then satisfies both the ODE and these requirements.

Example 2.1 (General and Particular Solution). The first-order ODE

dy _

3
dx Y

has the general solution y = Ce3® with an arbitrary constant C'. It describes a family of exponential functions whose curves
depend on the value of C.. If y(0) = 4 is additionally required, substituting into the general solution yields 4 = Cel =C.
The particular solution is therefore iy = 4e3%. O

Definition 2.3 (Initial Value Problem and Boundary Value Problem). In an initial value problem, the function value and
the values of the first n — 1 derivatives of the solution y = y(z) of an ODE of order n are prescribed at a point x:

_ n—1
y@o) =vor ¥ (@) =95 ¥ (@) =9f, o Y Vlwo) =y
In a boundary value problem, the function values y(x, ), y(z,), ..., y(z,,) of the solution are prescribed at n different
points T, Ty, ..., T,,. O

10



2.1. First-Order Differential Equations

2.1. First-Order Differential Equations

2.1.1. Separation of Variables

Definition 2.4 (Separable ODE). A first-order ODE of the form

y = % = f(z)9(y)

is called separable (ODE with separable variables). O]

It is solved by separating the variables = and y onto the two sides of the equation, integrating both sides, and solving the
result for y. The antiderivatives required for this are collected in Table A.1.

Example 2.2 (Separation of Variables). The ODE 3’ = y can be solved for y # 0 by separation of variables:

d d d
dz Y Yy

The constants of integration arising on both sides have been combined into a single constant. The solution is now in implicit
form. Solving for y yields
ly| = e**C =eCe® = y = +e%”.

€ runs through all positive and +e through all nonzero real numbers. We set

When C runs through all real numbers, e
y= +ee® = Cpe®, C, = +e" #0.
Since y = 0 also solves the ODE y’ = y, the general solution is
y=Cye®, CyeR. O
Remark 2.2 (Logarithmic Terms). If logarithmic terms such as In|y| in the example above arise when integrating an ODE,

it is convenient to write the constant of integration C' in the form In|C'|. This is possible because, as C' runs through all real
numbers, so does In|C/, see Figure 2.1. O

2 y=Inlx|

Figure 2.1.: Graph of the function y = In |z| for  # 0. The function is even, has the zeros x = 41, and tends to —oo as
x — 0; the y-axis = 0 (dashed) is a vertical asymptote. The range is all of R.

With this note, we solve the ODE 3’ = 3 once more. After separating the variables and integrating, we write the constant
of integration as In|C'| with C' # 0:

d d d
y:y:>y:dx:/y:/dx:>1n|y:x+ln\0|.
dz Y Y

The logarithmic terms are combined,

In|y| — In|C| = 1n ‘%‘ =,

and taking the exponential yields
=l =e" = = =4e” = y = 4Ce”.
| c C Y
With C; = +C and including the solution y = 0, the general solution of the ODE y’ = y is therefore again

yZCOCZ, CO S R.

11



2. Ordinary Differential Equations

Example 2.3 (Separation of Variables with an Initial Value). We solve the initial value problem
x+axy =0, y(0) = 2.
For = # 0, we divide by x and obtain 1 + 3" = 0, that is,

dy
dz

=—1.

The right-hand side depends neither on x nor on y, so the variables are already separated. Integrating both sides of
dy = —dx yields

/dy:/dxiy:x+0, CeR.
The initial condition y(0) = C' = 2 gives the solution of the initial value problem
y=2—ux.

Check: withy’ = —1, we have x + x - (—1) = 0 for all x, hence also at z = 0, where we were not allowed to divide by
x. O

Example 2.4 (Separation of Variables with a Singular Solution). We determine the general solution of the ODE
¥ +y*=0.

For y # 0, we separate the variables and integrate:

d d d 1
yz—y2:>—g:dx:>—/gz/dx:>:x—I—C.
dx (0 Y (0

Solving for y yields the general solution

Y CeRr.

ey

Check: ¢y’ = — & +10)2 = —y?. Each of these solutions is defined only on an interval that does not contain the pole
x=-—C.

In separating the variables, we divided by 2 and thereby excluded the case y = 0. The zero function iy = 0 also solves the
ODE, but it is not contained in the family of solutions for any value of C'. Such a solution is called singular. It must be
stated separately. O

2.1.2. Integration of a Differential Equation by Substitution

Theorem 2.1 (Integration of an ODE by Substitution). A first-order ODE of the type
y' = flaz + by +c)

is transformed by the substitution
u=ax+by+c 2.1

into the separable ODE
uw =a+bf(u)

for the auxiliary function u = u(x). O

Proof. Differentiating Equation 2.1 with respect to z yields v’ = a + by’. Withy’ = f(ax + by + ¢) = f(u) it follows
that

du
v =—=a+bf(u).
dz
The right-hand side depends only on , so this ODE can be solved by separation of the variables x and w. O

The solution w = u(x) is then substituted into Equation 2.1, and the equation is solved for y.

12



2.1. First-Order Differential Equations

Proposition 2.1 (Substitution u = y/x). A first-order ODE of the type

r=s()

is transformed by the substitution w = y/, i.e., y = xu, into the separable ODE
u+zu = f(u)

Jor the auxiliary function u = u(zx). O
Proof. Differentiating y = xu with respect to x yields y’ = w’x + u. Since y’ = f(y/x) = f(u), the claim follows. [J

Both substitutions follow the same procedure: carry out the substitution, integrate the ODE for the auxiliary function
u= u(:r) by separation of variables, undo the substitution, and solve the equation for y.

Example 2.5 (Substitution v = ax + by + ¢). We solve the ODE
y =2z —y.

The right-hand side has the form f(ax + by + ¢) witha = 2, b = —1, ¢ = 0, and f(u) = u. By Theorem 2.1, the

substitution
’ /

u = 2r — vy, u =2—y,

leads to the separable ODE
v =2—u.

For u # 2, we separate the variables and write the constant of integration as — In|C'|:

du
2—u

2_
=dr=—In2—u|=2—In|C|=1In

|- —=.

Taking exponentials yields 2 — u = C'e™", where the sign is absorbed into the constant C. The value C' = 0 gives the
initially excluded solution ©w = 2. Hence
u=2—Ce® C(CeR

The back-substitution y = 2x — w yields the general solution

y=2x—24+Ce™, CeR.
Check: y =2—Ce P and2z —y =22 — (20 —2+4+ Ce ™) =2 —Ce ". O
Example 2.6 (Substitution u = y/x). We solve the ODE

y/:$+2y
T

(x #0).

Splitting the right-hand side yields
y=1+22
z

that is, the type y' = f(y/x) with f(u) = 1 + 2u. By Proposition 2.1, the substitution u = y/z, i.e., y = xu, leads to
utzu =14+2u=zu =1+u.

For u # —1, we separate the variables and write the constant of integration as In|C/|:

d d
=% ol 4 u| = Injz| + In|C] = In|Cx.
14+u T

Taking exponentials yields 1 + v = C'z, where the sign is again absorbed into C'. The value C' = 0 gives the initially
excluded solution u = —1. Hence u = C'z — 1, and the back-substitution y = zu yields the general solution

y=Cz?—x2, CE€ER.

Check: ¥y’ =2Cx — 1 and
z+2(Ca® —x) 2C2% —x
x N T

=2Cz — 1. O

13



2. Ordinary Differential Equations

2.1.3. Exact Differential Equations

Definition 2.5 (Exact ODE). A first-order ODE of the form

g(z;y)dz + h(z;y) dy =0, (2.2
in another notation
y = 9@y)
h(z;y)’

is called exact if the integrability condition

dg 0h

oy Oz
is satisfied. O

The continuous factor functions g(z;y) and h(x; y) of an exact ODE Equation 2.2 are the partial derivatives of an unknown
function u(x; y):
ou ou
— = g(z; and — = h(x;y).
5 = 9(@Y) oy~ M@iy)

From these relations, u(x; y) is determined by indefinite integration. The general solution of the exact ODE Equation 2.2 is
then given in the implicit form

u(z;y) =C
where C'is a constant of integration.
Example 2.7 (Exact Differential Equation). We solve the ODE
,_dy _ 2x+4y

Y= 4 y—x

Multiplying by (y —x) dz yields (y —z) dy = (2x+y) dz. Bringing all terms to one side, we obtain the form Equation 2.2,
2z +y)dz + (z —y)dy =0,
with the factor functions
glx;y) =2x+y and h(z;y) =z —y.

The integrability condition is satisfied,

dg . 0Oh
oy Oz’
so the ODE is exact. We determine u(z; y) in two steps. Integrating du/dx = g(z;y) with respect to x yields

1

u(x;y) —/(295—1—3/)d31:—3172—6-3133/—|—K(y)7

where the constant of integration K (y) may still depend on y. Differentiating with respect to y and comparing with h(x;y)
gives

Ou ’ , Y

S =r+ K ({y)=z—y=K(y)=—y= Ky =—7.

oy 2
We may omit an additive constant in K (y) because it is absorbed into the constant C' of the solution. Thus

2
u(z;y) = a® + zy — %
and the general solution in implicit form reads
Y2
x2+xy—?:C, CeR.

Solving this quadratic equation for y yields the explicit form
y=x+ V32 —2C.

Check: implicit differentiation of u(x; y) = C with respect to x yields 2z +y+xy’ —yy’ = 0, hence v’ (y—x) = 2z + v,
which is the given ODE. O

14



2.2. Linear First-Order Differential Equations

2.2. Linear First-Order Differential Equations

Definition 2.6 (Linear First-Order ODE). A first-order ODE is called linear if it can be written in the form

y' + fla)y = g(z)
The function f () is called the coefficient function, the function g(x) the forcing function. If the forcing function is absent,

the ODE is called homogeneous, otherwise inhomogeneous. O

The homogeneous linear first-order ODE
y' +flx)y=0

is separable. Separation of variables yields the general solution

y=Ce J1@d R,
The following two examples follow Papula (2015, sec. IV.2.5.2).

Example 2.8 (Homogeneous Linear First-Order ODE). We seek the general solution of
2,/ / 1
z*y’ +y=0 or y—f—py:(), x #+ 0.

For y #+ 0, separation of variables yields
dy vy dy  dz

2

dz T Y x2’

Integrating both sides gives

d 1
y:/x_de:>IH|y|:+ln|K|7 K #0,
Y e

ie., In|y/K| =1/ and hence y/ K = 4e'/*. With C = + K, the general solution is
y=Ce'/* CeR.
The trivial solution y = 0 is included as the special case C' = 0. O

Example 2.9 (Homogeneous Linear First-Order ODE with an Initial Value). We seek the solution of the initial value
problem

y —2xy=0, y(0)=>5.
Separation of variables yields

d d d
y:2$y:>y:2xdx$/y:/Qa:dx:>1n|y|::r2—|—ln|C’|,
dz Y Y

i.e., Iny/C| = 2% and hence the general solution
y=Ce”, CeER.
The initial value gives y(0) = Ce = C' = 5. The initial value problem therefore has the solution

y = 5e®”. O

15



2. Ordinary Differential Equations

2.2.1. Variation of Constants

An inhomogeneous linear first-order ODE
y' + flx)y = g(x)
is solved by variation of constants in two steps. First, the associated homogeneous ODE y’ + f(x)y = 0 is integrated by

separation of variables:
y, = CeJI@)dz O R,

Then the constant of integration C is replaced by a still unknown function K (). Substituting the ansatz
Yy = K(x) e—ff(x)dm

into the inhomogeneous ODE yields a simple first-order ODE for the factor function K (), which is solved by indefinite
integration (antiderivatives in Table A.1).

The following two examples follow Papula (2015, sec. IV.2.5.3.1).

Example 2.10 (Variation of Constants). We seek the general solution of
y +2= cos(x), x # 0.
T

Separation of variables yields the general solution of the homogeneous ODE,

C
yh:7’ CER.
xr

Variation of constants leads to the ansatz ]
= K(x) —
Y ()

with the derivative 1 1 K ( ) ( )
T K(x

/ P— lg/ -_ ‘i T e M
y ("I:) T (ZL') .'172 T xQ

Substituting into the inhomogeneous ODE yields
K'(z) = zcos(z) = K(z) = /xcos(x) dx.
Integration by parts yields
K(x) = cos(z) + zsin(z) + Cy, C, € R.
The inhomogeneous ODE therefore has the general solution
cos(z) + zsin(z) + C

y(l‘) = T 9 CO S IR D

Example 2.11 (Variation of Constants with an Initial Value). We seek the general solution and the particular solution for

the initial value y(1) = 2 of the ODE
4x

y — 3y = ze

Separation of variables shows that the associated homogeneous ODE ¢y’ — 3y = 0 has the general solution
y, = Ke3*, K eR.
Variation of constants leads to the ansatz
y=K(z)e3* with ¢y = K'(z)e3* + 3K (z) 3.
Substituting into the inhomogeneous ODE yields
K'(x)e3 + 3K (x) e — 3K (x) e = K'(z)e3® = ze’® = K'(z) = ze®.
Integration by parts yields
K(z) = /xe”"d:c: (x—1)e*4+C, CeR.
The general solution of the inhomogeneous ODE is therefore
y=[x—1)e* +0le* = (z —1)e** +Ce3*, CcR.

The initial value gives
y(1)=0-e*+Ce® =2= C =2e3.

The particular solution is therefore

]

y=(z—1)e*® 4 2e3=1),
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2.2. Linear First-Order Differential Equations
2.2.2. Finding a Particular Solution

Theorem 2.2 (Solution Set of an Inhomogeneous Linear ODE). The general solution y = y(x) of an inhomogeneous
linear first-order ODE

y + f(x)y = g(x)

is the sum of the general solution y, = y,(x) of the associated homogeneous ODE
y +fx)y=0
and an arbitrary particular solution y, = yp(x) of the inhomogeneous ODE:
y(@) = yo(2) + 4, ().

This also holds for linear ODEs of higher order. O

Proof. If y is an arbitrary solution of the inhomogeneous ODE, then, by linearity, the difference y — y, solves the
homogeneous ODE and is therefore of the form y,,. Conversely, y;, + y,, solves the inhomogeneous ODE. O

It therefore suffices to find a particular solution ¥, and to add it to the general solution y;, of the homogeneous ODE, which
is obtained by separation of variables. The ansatz for y,, depends on the type of the coefficient function f(z) and on the
form of the forcing function g(z).

Theorem 2.3 (Procedure for Finding a Particular Solution). In many cases, an inhomogeneous linear first-order ODE
Yy + f(x)y = g(x) can be solved as follows:

1. Integrate the associated homogeneous ODE y' + f(x)y = 0 by separation of variables, with the general solution
y, = Ce J@)dz O e R,
2. Determine a particular solution y, of the inhomogeneous ODE with a suitable ansatz that still contains one or more

unknown parameters.
3. The general solution of the inhomogeneous ODE is then the sum

y:yh+yp' ]

Example 2.12 (Finding a Particular Solution). We seek the general solution of
y" —tan(x) y = 2sin(z).

Integrating the homogeneous ODE ¢y’ — tan(x) y = 0 by separation of variables yields

CeR.

For the particular solution we choose the ansatz
y, = Acos(z)

with the parameter A. Substituting Y, and 1/1; = —Assin(x) into the inhomogeneous ODE yields the determining equation
,  sin(x) . . .
Y — y, = —Asin(z) — Asin(z) = 2sin(z) = A = —1.
P cos(z) 7P
With the particular solution y, = — cos(z), the general solution of the inhomogeneous ODE is

Y= ¢ —cos(z), CeR.
cos(x)

]
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2. Ordinary Differential Equations
2.3. Linear First-Order Differential Equations with Constant Coefficients

Linear first-order ODEs with constant coefficients have the form
v +ay = g(z), a€R. (2.3)
They are the special case of Definition 2.6 with the constant coefficient function f(z) = a.

The associated homogeneous ODE
Yy +ay=0

is solved by separation of variables or by the exponential ansatz
y, = Ce*, CeR.
Substituting into the homogeneous ODE yields the characteristic equation for the parameter \:
Yl +ay, =A\Ce* +aCe™ =0=A+a=0= )\ =—a.
The homogeneous ODE 3" + ay = 0 therefore has the general solution
Yy, =Ce ™, CeR.

The examples in this section follow Papula (2015, sec. IV.2.6).

Example 2.13 (Homogeneous Linear ODE with Constant Coeflicients). The general solution y, = Ce™** with C € R
can be stated directly:

1. 3 + 4y = 0 has, since a = 4, the general solution 3, = Ce 4%,
2.y — 0.5y = 0 has, since a = —0.5, the general solution y, = Ce®-5%.
3. —3y’ + 18y = 0 becomes y’ — 6y = 0 after division by —3 and therefore has the general solution 1, = Ce5¢. [

The inhomogeneous ODE Equation 2.3 is integrated either by variation of constants (Section 2.2.1) or by finding a particular
solution according to Theorem 2.3. Since the ansatz for y,, here depends essentially on the function type of the forcing
function g(x), the second method is usually more convenient.

Example 2.14 (Linear ODE with Constant Coefficients). We seek the general solution of
y' + 2y = 222 — 4.
The associated homogeneous ODE 3’ + 2y = 0 has the general solution
Yy, =Ce 2 CeR
For the particular solution of the inhomogeneous ODE we choose the ansatz
Yp = anQ + a2 + ag.
With yr/, = 2a4x + a4, substitution into the inhomogeneous ODE gives
Yy + 2y, = 2057 + ay + 2(ay2? + ayx + ag) = 222 — 4.
Sorting by descending powers of x yields
2a572 + (2a4 + 2a1)x + (a; + 2ay) = 222 + 0z — 4.
Comparing coefficients gives the equations
200 =2 = a9 =1,
209 +2a; =0=2+2a; =0=a; = —1,
a, +2ay =—4=—-1+42a;=—4=0qy=—-3/2.
The particular solution of the inhomogeneous ODE is therefore

3
yp:x2—r—§‘

The general solution is

3
y:Ce’Qw—i—xQ—w—i, CeR. O
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2.3. Linear First-Order Differential Equations with Constant Coefficients

Example 2.15 (Linear ODE with Constant Coefficients and an Initial Value). We seek the solution of the initial value
problem
Yy + by = —26sin(z), y(0) = 0.

The homogeneous ODE 4" + 5y = 0 has the general solution
y, = Ce™® CeR.
Since the forcing function is a sine function with the angular frequency 1, we choose the ansatz for the particular solution
Yy, = Asin(x) + Beos(z) with yj = Acos(z) — Bsin(z).
Substituting into the inhomogeneous ODE and sorting by sine and cosine terms yields
(5A — B)sin(z) + (A + 5B) cos(z) = —26 sin(x) + 0cos(z).
Comparing coefficients gives the linear system of equations

54— B = —26,
A+5B=0.

The second equation gives A = —5B. Substituting into the first equation yields —268 = —26,s0 B = 1 and A = —5.
The general solution of the inhomogeneous ODE is therefore

y = Ce > — 5sin(x) +cos(z), C €R.
The initial value gives y(0) = C'+ 1 = 0, so C' = —1. The initial value problem therefore has the solution

y = —e °% — 5sin(x) + cos(x). O

2.3.1. Applications

Linear first-order ODEs with constant coefficients describe many processes in physics and engineering. The following two
application examples follow Papula (2015, sec. IV.2.7).

Example 2.16 (Radioactive Decay). Let n = n(t) be the number of atomic nuclei of a radioactive substance still present at
time ¢. The number dn of nuclei decaying in a short time interval df is proportional both to d¢ and to n. With the radioactive
decay constant A > 0, we therefore have

dn
dn = —A\ndt — +An=0.
n n or i + An

The minus sign expresses that the number of nuclei decreases. The decay is thus described by a homogeneous linear
first-order ODE with constant coefficients. Its general solution is

n(t) =Ce ™, CeR.
If n(O) = ny is the initial number of nuclei, then C' = n,,, which yields the law of radioactive decay

n(t) =nge M, t>0. O

Example 2.17 (AC Circuit). An ohmic resistor R and an inductor L are connected in series to a voltage source with the
sinusoidal alternating voltage u(t) = @ sin(wt). By Kirchhoff’s voltage law, the sum of the partial voltages u (t) = L di/dt
(law of induction) and u(t) = Ri (Ohm’s law) equals the applied voltage. The current i = i(¢) therefore satisfies the
inhomogeneous linear first-order ODE

di
L— + Ri = usin(wt).
i (wi)
The homogeneous ODE L di/dt + Ri = 0 has the general solution
iy(t)=Ce !, CeR
For the particular solution we choose the ansatz

i, (t) = 2sin(wt + )
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2. Ordinary Differential Equations

with the peak value 7 and the zero phase angle . Substituting into the ODE yields
wLicos(wt + @) + Risin(wt + ¢) = @sin(wt).

After applying the addition theorems and sorting by sin(wt) and cos(wt), comparing coeflicients leads to the nonlinear
system of equations

Ricos p —wlisiny = 1,
wlicos p + Risinp = 0.

Squaring and adding both equations eliminates ¢, since sin?  + cos? ¢ = 1:

2 u

(R?+ (wL)?)?? =0 =1= Wiz

Dividing the second equation by R7% cos ¢ gives

wlL wL
tanp = _f = (p = —arctan <§) .

The general solution is therefore

Ry u

L
i(t) = Ce Lt + ———rsin (wt — arctan (w—)> , t>0.
R? + (wL)? R

The exponentially decaying direct current 7, () has practically vanished after a short transient phase (“transient” compo-

nent). What remains is the steady-state solution i,(t), an alternating current with the peak value 7 = i/Z, where Z =

R? + (wL)? is the impedance of the circuit. The current lags behind the voltage by the phase angle arctan(wL/R). O

2.4. Linear Second-Order Differential Equations with Constant Coefficients

Definition 2.7 (Linear Second-Order ODE with Constant Coefficients). A linear second-order ODE with constant coeffi-
cients is an ODE of the form

Yy +ay +by=g(z), abeR

It is called homogeneous if the forcing function g(x) is absent, otherwise inhomogeneous. O

The examples for Definition 2.7 follow Papula (2015, sec. IV.3.1), those on the solutions of the homogeneous ODE Papula
(2015, sec. 1V.3.2).

Example 2.18 (Linear and Nonlinear Second-Order ODEs 1). The ODEs
y' +y=0, y' +2y —3y=2x—4 and 2y” — 4y’ + 20y = cos(x)

are linear with constant coefficients. The first is homogeneous, the other two are inhomogeneous. After division by 2, the
third takes the form of Definition 2.7. O

Example 2.19 (Linear and Nonlinear Second-Order ODEs 2). The ODEs

"

v +ay +y=0 and 23y’ + 2%y —ay =e®

are linear but have nonconstant coefficients. ]
Example 2.20 (Linear and Nonlinear Second-Order ODEs 3). The ODEs
y'+y +y*=0 and Yy +y=uz

are nonlinear: in the first, y appears to the second power, and the second contains the product y’y”. O
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2.4. Linear Second-Order Differential Equations with Constant Coefficients

Example 2.21 (Solutions of the Oscillation Equation). The oscillation equation
Y’ +wly =0, w >0,

has, among others, the solutions y; = sin(wz) and y, = cos(wz). Differentiating twice and substituting confirms this:

Yy + w?y; = —w?sin(wz) + w? sin(wz) = 0,
Yy + w?yy = —w? cos(wx) + w? cos(wx) = 0.

Since the ODE is linear and homogeneous, C| sin(wz), Cy cos(wz), and
y = Cysin(wz) + Cy cos(wz), Cy,Cy € R,

are solutions as well. However, not every linear combination of two solutions contains two independent parameters. The
functions y; = sin(wx) and y, = 2 sin(wx) also solve the oscillation equation, but their linear combination

O sin(wz) 4+ 2C, sin(wx) = (C + 2C,) sin(wz) = Cy sin(wx)

contains only the single parameter C;. This observation leads to the concept of basis solutions in Definition 2.8. L]

Example 2.22 (Complex Solution of the Oscillation Equation). The oscillation equation y” + w?y = 0 is also solved by
the complex-valued exponential function y = e/“*. With 3y’ = jwe“” and 3" = j2w?el” = —w?el¥® it follows that

Y+ Wy = —w?eT 4wl = (.
Since the coeflicients are real, the real and imaginary parts of y are real solutions as well. Euler’s formula gives
y; = Re (/%) = cos(wz) and y, = Im (e“?) = sin(wz),

i.e., the solutions already known from Example 2.21. O

Definition 2.8 (Wronskian and Basis Solutions). Two solutions y; = ¥, (z) and y, = y,(x) of a homogeneous linear
second-order ODE with constant coefficients of the type

y' +ay +by=0

are called basis solutions if their Wronskian

W(yl;yg):‘y} 2 = yvh — vy

Y1 Y2
is nonzero, W (yy;yy) # 0. O

Theorem 2.4 (General Solution of a Homogeneous Linear Second-Order ODE with Constant Coefficients). According to
Papula (2015), the general solution of a homogeneous linear second-order ODE with constant coefficients of the type

y' +ay +by=0
is the linear combination of two linearly independent solutions (basis solutions) y, and ys:

y(x) = Cry, (x) + Coyy (), C1,Cy €R. O

Example 2.23 (Wronskian of the Oscillation Equation). The solutions y; = sin(wx) and y, = cos(wz) of the oscillation
equation y” + w?y = 0 have the Wronskian

sin(w) cos(w)

weos(wr) —wsin(wz) |~ —w [sin?(wz) + cos?(wz)] = —w # 0.

W(yﬁyz) =

They are therefore basis solutions, and by Theorem 2.4 the general solution of the oscillation equation is

y(x) = Cy sin(wz) + Cy cos(wz), C;,Cy € R. O

Example 2.24 (Wronskian of Two Exponential Functions). The homogeneous ODE 3" — 43" — 5y = 0 has, among others,
the solutions y; = €>” and y, = €%, as substitution confirms. The Wronskian decides whether they are basis solutions:

5z e T

fofr gz | = —et? — Bedt = —6et® £ 0.

W(yi; ) =

The two solutions are thus basis solutions, and the general solution is

y(.’l}') = 016593 + 02671, Cl? 02 S |R D
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2. Ordinary Differential Equations

2.5. Integration of the Homogeneous Linear Second-Order Differential
Equation

A fundamental basis of the homogeneous ODE
y' +ay +by=0

can be determined with the ansatz y = e**. Substitution into the homogeneous ODE yields the characteristic equation
A2 +al+b=0.

Proposition 2.2 (Basis Solutions According to the Roots of the Characteristic Equation). The basis solutions y; and Yy, of

the homogeneous ODE y” + ay’ + by = 0 depend on the nature of the solutions \; and Ay of the characteristic equation
A’ +aX+b=0:

1. A # Ay real:

Yy, =eMT and y, = et2®,
2. M =Xy = Areal:
Yy, = e and y, = xe”. 2.4)
3. A o = a =+ jw complex conjugate with w +0:
Yy, = e“sin(wz) and Yy, = e*® cos(wx). (2.5)

O

Proof. In case 1, e*i® solves the ODE because A, satisfies the characteristic equation. In case 3, the same holds for the
complex solution e*1? = e** (cos(wx) + jsin(wz)). Since the coefficients are real, its real and imaginary parts are
then solutions as well. In case 2, \ = —a/2. Substituting z e** yields (A\? + a) + b) e + (2\ + a) e* = 0. The
Wronskians (/\2 — /\1) e<’\1+)‘2>z, €22 and —w e2** of the three cases are nonzero. O

In all three cases, the general solution of the homogeneous ODE is obtained, by Theorem 2.4, as the linear combination
y(z) = Cry; (v) + Cyyq(x) with Cy, Cy € R.

The following examples follow Papula (2015, sec. IV.3.3). The solutions of the characteristic equation A\? + a\ +b = 0

are \; 5 = —a/2 ++/a?/4—b.

Example 2.25 (Two Distinct Real Solutions). The ODE y” + 23" — 8y = 0 has the characteristic equation

42N —8=0= X =2, A\ =—4.

—4x

By case 1 of Proposition 2.2, y; = e®* and y, = ¢ are basis solutions. The general solution is

y=C1e* + Che™*, (C},Cy €R. O

Example 2.26 (Double Real Solution). The ODE y” — 8y’ + 16y = 0 has the characteristic equation

A8 +16=(A—4)2=0= )\ =\, = 4.

4z

By case 2 of Proposition 2.2, y; = e** and Yo = xe"* are basis solutions. The general solution is

y=Ce? + Cyxe' = (C) + Cyx)e?®, C,,0, € R

]

Example 2.27 (Complex Conjugate Solutions). The ODE y” +41’ 413y = 0 has the characteristic equation \> +4\+13 =

0 with the solutions
)\172 =—24V4—-13=-24V-9=-2+3j,

i.e., o = —2 and w = 3. By case 3 of Proposition 2.2, y; = e 2% sin(3x) and y, = e~ 2% cos(3x) are basis solutions. The
general solution is

y =e 2 [C} sin(3z) + Cycos(3z)], Cp,Cy €R. O
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2.6. Integration of the Inhomogeneous Linear Second-Order Differential Equation with Constant Coefficients

Example 2.28 (Homogeneous Linear Second-Order ODE). 3" 43y’ —4y = 0: The characteristic equation A> 43\ —4 = 0
has the solutions A; = 1 and A\, = —4 (case 1). The general solution is

y - C'lem + 0267430, Clgcz S [R. D

Example 2.29 (Further Homogeneous Linear Second-Order ODE). ” + 44" + 20y = 0: The characteristic equation
A2 44X + 20 = 0 has the solutions Ao =—2+v4—20=—2+4j(case 3 witha = —2 and w = 4). The general
solution is

y =e 2% [Csin(4x) + Cycos(4x)], Cy,Cy € R. O

Y

Example 2.30 (Further Homogeneous Linear Second-Order ODE). y” + 20y’ 4+ 100y = 0: The characteristic equation
A2 + 20X\ + 100 = (XA + 10)? = 0 has the double solution A1,2 = —10 (case 2). The general solution is

y=(Ci + CZ'I) 6710;1:’ ¢, Cy R O

2.6. Integration of the Inhomogeneous Linear Second-Order Differential
Equation with Constant Coefficients

As for linear first-order ODEs (Theorem 2.2), the following holds:

Theorem 2.5 (Solution Set of an Inhomogeneous Linear Second-Order ODE with Constant Coefficients). The general
solution of an inhomogeneous linear second-order ODE with constant coefficients of the type

Y’ +ay +by =g(x)
is the sum of the general solution y, of the associated homogeneous ODE
y' +ay +by=0
and an arbitrary particular solution y, of the inhomogeneous ODE:

y(z) = yp(2) + yp(2). O

Proof. The proof of Theorem 2.2 carries over verbatim, because here, too, the difference of two solutions of the inhomoge-
neous ODE solves the homogeneous ODE. O

The solution procedure thus corresponds to finding a particular solution for linear first-order ODEs (Theorem 2.3). First,
one determines the general solution ¥, of the homogeneous ODE y” + ay’ + by = 0 (Section 2.5). Then one determines a
particular solution y,, of the inhomogeneous ODE with an ansatz that depends essentially on the type of the forcing function
g(x). The sum y = y, + Y, is the general solution of the inhomogeneous ODE.

Table 2.2 compiles the ansatz functions for the forcing functions most common in applications (Papula 2015, Table 2 in Sec.
1V.3.4). Which ansatz to choose depends on whether a number read off from the forcing function (c, j5, or ¢ + j3) is a
solution of the characteristic equation A? + a\ + b = 0. P, () denotes a given polynomial function of degree n. Q,, ()
and R, (x) are polynomials of degree n with unknown coefficients.

Table 2.2.: Ansatz functions for a particular solution y, of the inhomogeneous ODE y” + ay” + by = g(x) depending on
the type of the forcing function g(x)

Forcing function g(x) Case Ansatz y, (z) Parameters
1. Polynomial function P,(z) b +#0 Q,,(z) Coefficients of
Q,
a#0,b=0 zQ,(x) Coeflicients of
Q,
a=b=0 22 Q, () Coefficients of
Qn
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2. Ordinary Differential Equations

Forcing function g(x) Case Ansatz y, (z) Parameters
2. Exponential function e“* c is not a solution of the Ae A
characteristic equation
c is an r-fold solution (r = 1,2)  Az"e* A
3. P,(x)e™* ¢ is not a solution of the Q,(z)e™ Coefficients of
characteristic equation Q,
c is an r-fold solution (r = 1,2) 2" Q,,(z)e®” Coefficients of
Q,
4. sin(pz), cos(Bz), or a jf is not a solution of the Assin(fx) + Bcos(Bx) A,
linear combination of both characteristic equation
jp is a solution x [Asin(Sz) + Bcos(fz)] A, B
5. P, (x) e sin(Sz) or ¢ + jf is not a solution of the e [Q,,(z) sin(Bz) + Coefficients of
P, (x)e® cos(fr) characteristic equation R, (x)cos(fx)] Q.. R,
¢ + jp is a solution z e [Q,, () sin(Bx) + Coefficients of
R, (x) cos(62) Q. R,

The following remarks apply to Table 2.2:

1.

2.

The polynomials @, () and R,, () in the ansatz have the same degree n as the polynomial P, (z) of the forcing
function.

An additional constant factor in the forcing function does not change the ansatz. For g(z) = 3sin(2x), the same
ansatz applies as for g(x) = sin(2x).

. The parameters of the ansatz are determined such that y,, satisfies the inhomogeneous ODE. With a correctly chosen

ansatz, substitution and comparison of coefficients always lead to a uniquely solvable system of equations for the
parameters.

. If the forcing function consists of several additive forcing terms, the ansatz is the sum of the ansatz functions for the

individual terms (Example 2.33).

If the forcing function is a product g(z) = g, () - go (), the product y, = Y, - Y, of the ansatz functions for the
two factors g, (x) and g5 () succeeds in many, but not all, cases.

For periodic forcing functions g(x) = sin(Sz) or g(x) = cos(fx), the complex ansatz

y (z) = AelFrte) (2.6)

with the amplitude A and the phase angle ¢ as parameters is also frequently used. The underline marks a complex
quantity.

Example 2.31 (Linear Second-Order ODE with Constant Coefficients). We seek the general solution of

y” + 10y’ — 24y = 1222 + 14z + 1.

The homogeneous ODE y” + 103" — 24y = 0 has the characteristic equation

AM+10A—24=0= )\, =—12, X\, =2.

By Proposition 2.2, the basis solutions are

y1 =e '* and gy, = e,

from which the general solution of the homogeneous ODE follows:

y, = Cre 122 4 Cye?*, C;,C, €R.

We obtain a particular solution of the inhomogeneous ODE with the ansatz

Yp = CLQZL'Q + a1z + a

and its derivatives

"o __

Yp =203z +a; and y; = 2a,.

Substituting into the inhomogeneous ODE yields

24

2aq + 10(2a57 + ay) — 24(ay2? + ayx + ag) = 1222 + 14z + 1.



2.6. Integration of the Inhomogeneous Linear Second-Order Differential Equation with Constant Coefficients

Comparing coefficients gives the equations

—24ay + 10a; + 2a4 =1,
—24a, + 20a, = 14,
—24a4 = 12

with the solution a, = —1/2, a; = —1, and a;; = —1/2. Hence

is a particular solution of the inhomogeneous ODE. Its general solution is

. 1 . 1
Y= 016712.10 + CQCZ,T o Ql,z —r— 57 01702 c [R

]

The following two examples follow Papula (2015, sec. IV.3.4).

Example 2.32 (Ansatz Functions for Different Forcing Functions). We solve the inhomogeneous ODE

Yy +y —2y=g(x)

for six different forcing functions g(z). The homogeneous ODE y” + 4’ — 2y = 0 has the characteristic equation
A2 4+ X\ — 2 = 0 with the solutions \; = 1 and A\, = —2 and hence the general solution

yh = Clew + 023721,, Cl’ CZ c IR

The ansatz for y,, depends on the type of g(x). If the exponent ¢ of a forcing function e°* (or ¢ + jf3 for e°* sin(5z)) is
itself a solution of the characteristic equation, the ansatz is multiplied by x:

Forcing function g(x) Ansatz y, Reason

10z +1 a,x + ag polynomial, b = —2 # 0
2? — 4z + 3 asx? + ayx + a polynomial, b = —2 # 0
3et” Aet® ¢ = 4 is not a solution
6e” Axe® c = 11is a simple solution
xe” ze® (a1 + ag) ¢ = 1 is a simple solution
3sin(2x) Asin(2z) + Bcos(2z) 2j is not a solution

. g(z) = 10z + 1: Withy, = a;x + ag, y, = a;, and y; = 0, it follows that
a; —2(ayz + ag) = —2a,x + (ay — 2ay) = 10z + 1.
Comparing coefficients gives —2a; = 10, so a; = —5, and a; — 2ay = 1, so a; = —3. The general solution is

y = Ce® 4+ Coe™2® — 51 — 3.

_ 2 ) : _ _1,2.3 5
2. g(x) = 2 — 4z + 3: In the same way, one obtains y, = —52° + 5o — 7 and
1 3 )
=0 +C0pe ™2 — —22 + o — —.
Y 167+ Che 23: +2x 1

3. g(z) = 3¢"*: Substituting y, = Ae'” yields (16 + 4 — 2) Ae* = 3¢, 50 A = 1/6 and
x —2x 1 4x
y=Ce” +Che +66 .
4. g(z) = 6e”: Withy, = Aze®, y; = (A + Az)e”, and y; = (24 + Ax)e”, division by e” yields

A+ Az +A+Ax —2Ax=3A=6= A =2.

The general solution is
y = C1e® + Coe 2% + 27e” = (C} + 27) e® + Coe 2%,
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2. Ordinary Differential Equations

5. g(x) = we®: With y, = e*(a; 2% 4 ayz) and the derivatives
yp = e (ay2® + (ag + 2ay)x + aq) ,
Yy = e (ay2% + (ag + 4ay )z + 20, + 2a,)
substituting, dividing by e*, and sorting yields
6a,z + (3ay +2a;) =z + 0.
Comparing coefficients gives a; = 1/6 and a;, = —1/9. The general solution is
T —2x 1 2 1 T
y=0Ce"+Che " 4+ | Z2° — —x | e”.
6 9
6. g(z) = 3sin(2x): Withy, = Asin(2z) + Bcos(2x), y, = 2A cos(2z) — 2B sin(2x), and y; = —4Assin(2z) —
4B cos(2x), sorting yields
(—6A — 2B)sin(2z) + (2A — 6B) cos(2x) = 3sin(2z) + 0 cos(2z).

The linear system of equations —6A — 2B = 3, 2A — 6 B = 0 has the solution A = —9/20 and B = —3/20. The
general solution is

9 3
y = Ce® + Coe 2 — 20 sin(2x) — 2 cos(2z).
In all cases, C;,C, € R. O

Example 2.33 (Forcing Function Consisting of Several Terms). We seek the general solution of
y” — 6y’ + 9y = 2e* + 9x — 15.

The homogeneous ODE y” — 63’ + 9y = 0 has the characteristic equation A2 — 6\ + 9 = (A — 3)2 = 0 with the double
solution A; » = 3 and hence the general solution

yh - <Cl + CQ(E) €3z, C]_, 02 c [R

The forcing function consists of the terms ¢, (z) = 2e” and gy (x) = 92 — 15. The corresponding ansatz functions are
Yp1 = Ae” and y,» = a;x + a,. Since the ODE is linear, the sum

yp = ypl + pr = Ae” + a,x + Qg
is a suitable ansatz for g = g; + go. With yy = Ae® + a; and y; = Ae”, it follows that
Ae® — 6(Ae” + ay) + 9(Ae” + ayz + ay) = 44e” + 9a,z + (9a, — 6a;) = 2e” + 9z — 15.

Comparing coefficients gives 44 = 2, 9a; = 9, and 9a, — 6a; = —15,s0 A = 1/2,a; = 1, and a; = —1. The general
solution is

1
y:(Cl+Cga:)63m+§ex+x—1, C,,Cy e R O

2.7. Spring Pendulum

2.7.1. Equation of Motion

Theorem 2.6 (Newton’s Three Laws of Motion).

1. Newton’s first law (law of inertia) states that a body remains at rest or moves in a straight line at constant velocity as
long as no external force acts on it. It is the special case of the second law in which the sum of the forces acting on
the body is zero.

2. Newton’s second law states that the acceleration of a body is directly proportional to the force exerted on it and
inversely proportional to its mass:

F=mz,

where F' is the sum of all forces acting on the body, m its mass, and I its acceleration, i.e., the second derivative of
its position x(t) with respect to time t.
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2.7. Spring Pendulum

3. Newton’s third law states that every force gives rise to an equal and opposite counterforce: if body 1 exerts a force on
body 2, then body 2 exerts a force of equal magnitude but opposite direction on body 1. O

Here and in the following, dots denote derivatives with respect to time, © = dz / dt and 7 = d3x / de2.

Theorem 2.7 (Hooke’s Law). The force exerted on an elastic body is directly proportional to its deformation:
F = —czx,

where F' is the force exerted on the body, c the spring constant, and x the displacement of the body from its rest position. [

The minus sign indicates that the force acts opposite to the displacement, i.e., always toward the rest position. From
Newton’s second law and Hooke’s law we derive the equation of motion of an elastic spring pendulum.

Definition 2.9 (Mass-Spring Oscillator). A mass-spring oscillator (spring pendulum) consists of a mass m that hangs from
a spring with the spring constant ¢ > 0 and is slowed down by a damper with the damper constant b > 0, see Figure 2.2.
Its displacement z(t) is measured from the rest position z = 0; v = & is its velocity. In addition, an external force F'(t)
can act on the mass. O

________ [~

m
llm)
b

Figure 2.2.: Damped mass-spring oscillator (spring pendulum) with spring constant ¢, mass m, damper constant b, and
external force F'(t). The displacement () is measured from the rest position = 0 and is positive downward.
Adapted from Papula (2015).

Three forces act on the mass:
1. By Hooke’s law, the restoring force of the spring is
F, = —cx(t).
2. According to experience, the damping force is proportional to the velocity and always opposes the motion:
F, = —bv = —bi(t).
3. In addition, there is an externally applied force, e.g., via an eccentric:
Fy = F(t).
Further forces such as gravity or the inertial force are neglected. By Newton’s second law,
mz = F, + Fy + F3,
from which (taking friction into account) the second-order ODE
mi =—cx — bt + F(t) or mi+bi+ cx = F(t)

follows. The motion of a mass-spring oscillator is thus described by a linear second-order ODE with constant coefficients.
Depending on whether an external force and damping are present, we distinguish in the following the free undamped, the
free damped, and the forced oscillation. If the damping is too strong, the system no longer oscillates but returns aperiodically
to the rest position (overdamped case, Section 2.7.4). Definition 2.10 summarizes the oscillation types (Papula 2015, sec.
Iv4.1.1).
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2. Ordinary Differential Equations
Definition 2.10 (Differential Equation of a Mechanical Oscillation (Oscillation Equation)). The motion of a mass-spring
oscillator (Definition 2.9) is described by the linear second-order ODE with constant coefficients

mi + bk + cx = F(t) 2.7

It is called the oscillation equation. Here, m is the mass, b the damper constant, ¢ the spring constant, and F' (t) the
time-dependent external force acting on the system.

Three special types of oscillation are distinguished:
1. Free undamped oscillation: Neither an external force nor damping acts on the system, i.e., F'(¢) = 0 and b = 0:
mx +cx = 0.
2. Free damped oscillation: No external force acts on the system, but it is damped, i.e., F'(t) = 0 and b # 0:
mz + b + cx = 0.

3. Forced oscillation: A time-dependent periodic force F'(t) = Fy, sin(wt) with the excitation angular frequency w
acts on the system:
mi + bt + cx = Fy sin(wt). O

2.7.2. Free Undamped Oscillation

In what follows, we need the addition theorems for sine and cosine as well as the representation of a linear combination of
sine and cosine as a phase-shifted sine oscillation.

Theorem 2.8 (Addition Theorem for the Sine).
sin(z + y) = sin(x) cos(y) + cos(x) sin(y) O

Lemma 2.1 (Phase-Shifted Sine Oscillation). For Cy,Cy € R, not both zero,

Cy sin(x) + Cycos(x) = Asin(x + ¢)

A=,/C}+C3
and the phase angle @, which is uniquely determined up to multiples of 2 by
G
1

holds with the amplitude

cos(p) = % and sin(p) =

Depending on the quadrant,

arctan(Cy /CY) for Cy >0,
arctan(Cy/Cy) + 7 for Cy < 0,

/2 forC; =0, Cy >0,
—m/2 forC; =0, C, <O0.

Proof. Since (C,/A)? + (Cy/A)? = 1, the point (C, /A, Cy,/ A) lies on the unit circle. Hence there is an angle ¢ with
cos(p) = C; /A and sin(p) = C,/ A, and it is unique up to multiples of 27. The addition theorem for the sine yields

Asin(x + ¢) = Asin(x) cos(p) + A cos(z) sin(p)

=A sin(aj)% + ACOS(I)%

= (' sin(x) + C, cos(x).

For C; # 0, tan(¢) = C,/C}. The arctangent returns only angles between —7 /2 and 7/2, that is, in the first or fourth
quadrant, where cos(¢) > 0. For C; > 0, this is the angle sought. For C; < 0, cos(¢) < 0 and the angle sought is
shifted by 7. This shift leaves tan() unchanged but reverses the signs of sine and cosine. For C'; = 0, cos(¢) = 0 and
sin(p) = Cy/|Cy| = £1,50 ¢ = +7/2. O

Remark 2.3 (Computing the Phase Angle in Python). In Python, numpy.arctan2(C2, C1) computes the phase angle
without a case distinction. O
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2.7. Spring Pendulum

2.7.2.1. General Solution
Theorem 2.9 (General Solution of the Free Undamped Oscillation). In the simplest case, without damping and without
external force, the ODE (equation of motion) of the spring pendulum reads
mx+cxr=0 or j—l—w%x:() (2.8)
with w3 = ¢/m.
The characteristic equation associated with Equation 2.8,
AN+ wi=0
has the complex conjugate solutions
Ay o = £jwo-
By Equation 2.5, the fundamental basis of the homogeneous ODE Equation 2.8 is then
y; = sin(wyt) and Yy, = cos(wyt),
from which the general solution of the equation of motion follows:
x(t) = C] sin(wyt) + Cy cos(wpt), 2.9
with the angular frequency wg, = \/% and C,Cy € R. O
Remark 2.4 (Alternative Representation of the Phase-Shifted Sine Oscillation). By Lemma 2.1, the general solution
Equation 2.9 can also be represented as a phase-shifted sine oscillation
z(t) = Asin(wgt + ), t>0,

with the amplitude A of the oscillation. O

2.7.2.2. Interpretation of the General Solution

x4 x(t) = A sin(wot + @)
Al
Asing g
4
V4

’
.

~

@lwgy l—

T =2rlwg

Figure 2.3.: Displacement-time law of a harmonic oscillation z(t) = A sin(wyt + ¢) (general solution) with amplitude A,
phase shift ¢/w, and period T' = 27 /w,. The initial value is z(0) = A sin ¢; the dashed part lies outside
the domain £ > 0. Adapted from Papula (2015).

Lemma 2.2 (Period of the Oscillation). The system oscillates harmonically with the angular frequency w, = +/c/m,
which is called the natural angular frequency (natural frequency for short). It has the period of oscillation

2
T=""2 2my/m/c,
0

W

see Figure 2.3. [
Proof. x(t) = Asin(wyt + ) is periodic with the period T = 27 /w,, because
z(t+T) = Asin(wy(t +T) + ¢) = Asin(wyt + 27 + ¢) = Asin(wyt + @) = x(t).

The amplitude and the phase angle ¢ of the oscillation depend on the initial conditions 2(0) and v(0).
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2. Ordinary Differential Equations

2.7.2.3. Influence of the Spring Constant and the Mass on the Natural Angular Frequency

The natural angular frequency w, = 1/c/m depends only on the ratio of the spring constant ¢ to the mass m, not on
the amplitude. The spring constant is not a force; it states how strongly the restoring force F; = —c = grows with the
displacement. Writing the equation of motion Equation 2.8 in the form

. &

P=——z=—wlx

m

reveals the reason: for the same displacement z, the acceleration of the mass toward the rest position is the larger, the larger
¢/m is. The mass then returns to the rest position more quickly, and the oscillation runs faster.

1. Constant mass, modified spring constant. A stiffer spring (larger c) exerts a larger restoring force on the same mass at
the same displacement. The natural angular frequency grows with the square root of the spring constant, and the
period decreases accordingly:

1
wy ~ V¢ T~—.
0 f’ \/E
Quadrupling ¢ doubles wy, and halves 7" (Figure 2.4). Accordingly, a softer spring makes the system oscillate more
slowly.

2. Constant spring constant, modified mass. A larger mass is more inert: the same restoring force gives it a smaller

acceleration. The natural angular frequency decreases with the square root of the mass, and the period grows:

WONi TN\/E.

Quadrupling m halves w, and doubles T' (Figure 2.5). Accordingly, a lighter mass oscillates faster.

In general, the natural angular frequency changes by the factor V'k when c is multiplied by the factor k, and by the factor
1/ V'k when m is multiplied by k. If ¢ and m change by the same factor, w,, remains unchanged. For example, m = 1kg
andc = 4N/m givew, = 2s 1 and T = 7s ~ 3.14s. With ¢ = 16 N/m, one obtains w, = 4s~! and T' ~ 1.57 s; with
m = 4kg and ¢ = 4N/m, by contrast, wo =1 s land T ~ 6.28s.

x4 T
172

\ I\

\\ II \ .I \| l >
\ \I\/‘/ o\ U N

\ 4 / \ /

Al \/ \.,/ \ \/
¢, wo=1/clm — = 4c, 2w

Figure 2.4.: Influence of the spring constant on the natural angular frequency at constant mass m: in each case, the mass is
displaced by A and released from rest, z(t) = A cos(w,t). Quadrupling the spring constant from ¢ (solid) to
4c (dashed) doubles the natural angular frequency and halves the period T'. Amplitude and phase angle remain
the same.

Both dependencies can be explored in the following animation by changing the spring constant c at fixed m or the mass m
at fixed c.

@ Animation: Harmonic Oscillation and Mass-Spring Oscillator

The animation at https://advm1.gm.fh-koeln.de/~bartz/bart26y/ shows Figure 2.3 and the mass-spring oscillator from
Figure 2.2 (without external force) side by side. The point on the curve z(¢) and the mass move in sync. The mass
m, the spring constant ¢, and the initial conditions z(0) and v(0) can be adjusted; the amplitude A, the phase angle
, and the period T adapt accordingly. For an easier visualization, the animation shows the displacement as positive
upward, so that the mass and the point on the curve are at the same height; the checkbox “x positive downward” sets
the direction of Figure 2.2. The equation of motion does not change.
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2.7. Spring Pendulum

v

~

4m, wol2

Figure 2.5.: Influence of the mass on the natural angular frequency at constant spring constant c: in each case, the mass
is displaced by A and released from rest, (t) = A cos(wyt). Quadrupling the mass from m (solid) to 4m
(dashed) halves the natural angular frequency and doubles the period 7". Amplitude and phase angle remain the
same.

Example 2.34 (Undamped Oscillation Starting from Rest). Let the system start from rest with the displacement x, and the
velocity vy = 0. With the derivative of Equation 2.9,
&(t) = Ciw, cos(wyt) — Cywy sin(wyt),
the conditions z(0) = z and #(0) = 0 yield the values
C, =0 and (5 = x,.
Substituting into the general solution Equation 2.9 yields the particular solution
x(t) = xq cos(wyt),

where x, is the displacement of the mass at time ¢ = 0. The mass-spring oscillator thus oscillates with the natural angular

frequency wy, = /c/m and the amplitude A = x, see Figure 2.6. [
x4 x(t) = A cos(wot)
Xo=Ag

T= 271'/0)()

Figure 2.6.: Particular solution z(t) = A cos(w,t) of the undamped mass-spring oscillator (spring pendulum) for the initial
values 2(0) = x, = A and £(0) = v(0) = 0: the oscillation starts at the maximum with a horizontal tangent
and has the natural angular frequency w, and the period T = 27 /w,,. Adapted from Papula (2015).

The following numerical example follows Papula (2015, sec. IV.4.1.2).

Example 2.35 (Free Undamped Oscillation). We investigate the motion of an oscillatory mechanical system with the mass
m = 10 kg and the spring constant ¢ = 250 N/m under the initial conditions

z(0) =0.6m and v(0) = 0m/s.
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2. Ordinary Differential Equations

The natural angular frequency of the system is

c 250 N/m 4
Wy = — = —— =5s"".
m 10kg

By Equation 2.9, the equation of motion & + 25z = 0 has the general solution
x(t) = C, sin(5t) + C, cos(5t).

We omit the units in the intermediate calculations. From z(0) = C;, = 0.6 and £(0) = 5C; = 0 it follows that C; = 0
and C, = 0.6. The system thus oscillates harmonically according to

2(t) =0.6m-cos(5s71-t), t>0.

The period is T = 27 /w, = 0.47s ~ 1.26s, the amplitude A = 0.6 m. This is the special case z, = 0.6 m of
Example 2.34.

What does the value wy = 5 s~ ! mean? The system neither performs five oscillations per second, nor does one oscillation
take five seconds. The natural angular frequency states how fast the phase angle w? in the argument of the cosine grows,
here by 5 rad per second; the unit s~ is to be read as rad/s. One full oscillation, i.e., the path from z = A via x = —A back
to x = A, corresponds to the phase angle 27 ~ 6.28 rad. For this, the system needs the period 7' = 27/(5s71) ~ 1.26 s,
i.e., slightly more than one second. The number of full oscillations per second is the frequency

Wy 1 5 4

= 2 =_=— ~ 0.80 Hz.

Y0 2r T 27 ° ?

In one second, the system thus performs about 0.8 full oscillations; five full oscillations take 57" = 6.3 s. Angular frequency
and frequency differ by the factor 27r. O

2.7.3. Free Damped Oscillation

In a free damped oscillation, a damping force acts on the mass in addition to the restoring force. The ODE of the spring
pendulum then reads
mZ + bt +cx =0

or
&+ 268 4+ wiz =0 (2.10)

with the damping factor 6 = b/(2m) and the natural angular frequency w, = /c/m.

The associated characteristic equation

A2 4+ 20\ + w3 =0 (2.11)
has the solutions
)\172 == _5:l: \/ 52 _wg,

whose nature is decided by the discriminant A = §% — w3:

1. A <0,ie., d < wy: weakly damped oscillation,
2. A =0,ie., d = wy: aperiodic limiting case (critically damped case),
3. A>0,ie. d > wy: aperiodic motion (overdamped case).

Theorem 2.10 (General Solution of the Equation of Motion of a Free Damped Spring Pendulum). The solutions of
Equation 2.10 belong to one of three types of oscillation:

1. Weakly damped oscillation (§ < wy): The characteristic equation has the complex conjugate solutions

A2 = —0+j\/wjg — 02 = =0 + juy,

where wy = 1/ w% — 62 is the natural angular frequency of the damped system. The general solution is
x(t) = e %[O sin(wyt) + Cy cos(wgyt)]

with C,,Cy € R, or equivalently
z(t) = Aye % sin(wyt + ¢,)

with the amplitude Ay > 0 and the phase angle 0 < ¢4 < 2.
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2.7. Spring Pendulum

2. Aperiodic limiting case (0 = wy): The characteristic equation has the double real solution \| 5 = —0. The general
solution is
x(t) = [Cyt + Cyle o (2.12)

with Cl 5 02 S R.

3. Aperiodic motion under strong damping (overdamped case, § > wy): The characteristic equation has two distinct
real negative solutions \; and \y. The general solution is

z(t) = OjeMt + Cyhete?

with Cl 5 02 S |R O

Proof. The three cases follow from Proposition 2.2 with a = 24, b = w%, and \; o = —54+ VA, The representation with
Ay and ¢, follows from the sine addition theorem with C; = A, cos ¢, and Cy, = A, sin . O

2.7.3.1. Weak Damping (Underdamped Case)

Theorem 2.11 (General Solution of the Equation of Motion of a Free Damped Spring Pendulum under Weak Damping).
Under weak damping, A = §% — w2 < 0, i.e., § < wy. With the abbreviation
wi=wi—02>0

the characteristic equation Equation 2.11 has the complex conjugate solutions

Mao=—041/02—wi=—0+1/—(w§ —0%) = =0+ /—w] = —0 £ jw,.

By Equation 2.5 with oo = —§ and w = wy, the general solution stated in Theorem 2.10 follows:

z(t) = Aye™% sin(wyt + @y). (2.13)

This is a damped oscillation whose natural angular frequency is reduced compared with the undamped oscillation,
Wy = /Wi — 6% < wy,
see Figure 2.7.

xﬂ
. " _ =0t
X0 =Aq sin ¢q § x(t) = Aqg e™"'sin(wat + @)

A e—b‘r

Tq =2nlwq

Figure 2.7.: Time history z(t) = Ae~%" sin(w,t + ) of a mass-spring oscillator under weak damping (§ < w,), starting

from rest with the displacement z; = A, siny,. The amplitude decays exponentially within the dashed
envelope +A,e %, The zero crossings are spaced T);/2 apart, with the period T; = 27 /w,. Adapted from
Papula (2015).

Example 2.36 (Weakly Damped Oscillation Starting from Rest). Consider the free damped oscillation Equation 2.10,
ma + bt +cxr=0 or #4204 + wiz = 0,

with the damping factor § = b/(2m) > 0 and the natural angular frequency w, = 1/c/m of the undamped system. Let
the system be weakly damped (§ < w,) and start from rest at time ¢ = 0 with the displacement x;, = A > 0 and the
velocity v, = 0. We seek the amplitude A, and the phase angle ¢, of the particular solution.
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2. Ordinary Differential Equations

Approach. The starting point is the general solution for weak damping (case 1 in Theorem 2.10, see Section 2.7.3.1)

ZE(t) = Ade*(;t Sjn(wdt + @d)’ Wy = \/ﬂ > 0,

with A; > 0. The two parameters are determined from the initial conditions.

Step 1: Velocity. By the product rule,

i(t) = —6Aqe O sin(wyt + pg) + wydge 0 cos(wyt + ) = Age ™ [wy cos(wyt + pg) — & sin(wyt + @4)] -

Step 2: Initial conditions. Fort = 0, e =1,s0
x(0) = Agsingy = A,
(0) = Ay (wycospq — dsingy) = 0.
Step 3: Phase angle. Since A4 # 0, the second equation yields
Wy €os g = 0 sin .

The first equation yields sin gy, = A/A; > 0,506 > 0 and wy > 0 imply cos ¢, > 0 as well. The angle therefore lies in
the first quadrant, 0 < ¢4 < 7/2, and division by § cos @4 gives
Wy W
tanpy = — = (pq = arctan (—) .
) )
The principal value of the arctangent is the correct choice here because for positive arguments it also lies between 0 and
/2.

Step 4: Sine of the phase angle. For 0 < ¢, < /2, sin gy = tan p,/+/1 + tan? @ . With 62 +w? = §% + w3 —§? = w3,
it follows that 5

o/ = e . and likewise cosS g = —.
\/1—|—w§/52 \/52-1—&)(21 Wo Wo

sinpy =

Step 5: Amplitude. Substituting into the first initial condition A, sin o, = A yields

A
Ag=—— =20y
sinpg Wy

Check. With the results of Steps 4 and 5,

x(O):@A.ﬂ:A and j;(()):wOA(wd(s_(;wd):Q
Wg  Wo Wy

Result. The particular solution is
z(t) = Aye™ sin(wyt + ¢4)
with the parameters

w, w,
A =20y d — arct (A). 0
"7 0, an pq = arctan | —

The numerical examples on damped oscillation follow Papula (2015, sec. IV.4.1.3).

Example 2.37 (Weak Damping). Consider an oscillatory mechanical system with the mass m = 10 kg, the damper constant
b = 80 kg/s, and the spring constant ¢ = 250 N/m. The initial conditions are

z(0) =0.6m and v(0)=0m/s.
The damping factor and the natural angular frequency of the undamped system are

b 80kg/s g
§ = — — gS:4S,1 and wy = L:5S
2m 20 kg m
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2.7. Spring Pendulum

The equation of motion (without units) is therefore & + 8% + 25z = 0. Since § < wy, the system is weakly damped and
oscillates with the natural angular frequency

Wy =y/wi —062=+v25—16s"1 =351

The general solution of the ODE is therefore
x(t) = e [C] sin(3t) + C, cos(3t)]
or, in the form of a phase-shifted sine oscillation,

z(t) = Age *sin(3t + ¢,). (2.14)

We consider two ways of solving:

1. First, the solution using the formulas from Example 2.36: By Example 2.36 with A = 0.6 m, the amplitude and the
phase angle are

Ay= Dy =

3
-06m=1m and ¢, = arctan <&> = arctan <7> ~ 0.6435.
Wy o 4

W ot

The system therefore performs the damped oscillation
2(t) =1m-e 4 tsin(3s -t +0.6435), t > 0.
2. Alternatively, we substitute the initial conditions directly into Equation 2.14. With the derivative
i(t) = Age ™ [3cos(3t + py) — 4sin(3t + py)]
we obtain (without units) the system of equations

I z(0) = Aysingpy = 0.6,
I 2(0) = Ay (3cospy —4sinp,) = 0.

Since A4 # 0, II yields
. 3 3
4sinpy = 3cos g = tan py = 1 = (4 = arctan (1) ~ 0.6435.

With sin ¢y = 3/5 (cf. sin ¢y = wy/w, in Example 2.36), I yields

0.6m 0.6m
d = — — — lm. D
sing,  3/5

2.7.4. Strong Damping (Aperiodic Behavior, Overdamped Case)

Theorem 2.12 (General Solution of the Equation of Motion of a Free Damped Spring Pendulum under Strong Damping).
Under strong damping, A = 6% — wg > 0, i.e., 0 > wy. The characteristic equation Equation 2.11 then has the two

distinct real solutions
A =—0+14/02—wi <0 and Ny =—6—1/0%2—wi <0,

i.e, Ay < Ay < 0. The general solution of the ODE Equation 2.10 is a linear combination of two monotonically decreasing
exponential functions,
z(t) = CreMt + Cue?et, C),Cy € R. (2.15)

The mechanical system no longer oscillates but approaches the equilibrium state asymptotically, see Figure 2.8. O
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~V

Figure 2.8.: Time history of the motion of a mass-spring oscillator under strong damping (§ > wy, overdamped case) for
three different initial velocities with the same initial position x, = A > 0 (red, with the initial tangents of
slope vg): a) from rest (v, = 0), b) outward, i.e., away from the equilibrium position (v, > 0), ¢) inward,
i.e., toward the equilibrium position with sufficient velocity (v, < Ay A), so that the mass passes through the
equilibrium position once. The dots mark the turning points of the motion (z = 0). Adapted from Papula
(2015).

Example 2.38 (Overdamped Case: Motion Starting from Rest). If the system starts from rest, the initial conditions are
2(0) = A and v(0) = 0. For the coefficients of the general solution Equation 2.15, z(0) = A and #(0) = 0 yield the
linear system of equations

Cl + 02 = Aa
)\101 + )\202 = O

with the solutions

The particular solution is therefore

see Figure 2.9. O

xXo=A¢ x(0)=0

Figure 2.9.: Time history of the motion in the overdamped case (strong damping, § > w,) for the motion from rest with the
initial values 2(0) = z, = A and v(0) = #(0) = 0: the displacement starts with a horizontal tangent and
approaches the equilibrium position z = 0 monotonically, without oscillating. Adapted from Papula (2015).

Example 2.39 (Overdamped Case: Motion Starting from the Equilibrium Position). If the system starts from the equilibrium
position with the velocity v, > 0, the initial conditions are 2(0) = 0 and v(0) = v,. From

z(0)=C,+Cy=0 and £(0) =\ C; + XCy =1,

we obtain the coefficients

Ci=—"—-— and Cy=—
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and hence the particular solution
Yo

R
see Figure 2.10. O

(Mt —eMat) |

\(0) =Vo
X(t)=0
Vo

X =

g (emr _ eA’gr)
1 — A2

X0 = 0

1 t

Figure 2.10.: Time history of the motion in the overdamped case (strong damping, § > wy) for the motion out of the
equilibrium position with the initial values 2(0) = 0 and v(0) = 2(0) = v, > 0: the mass first moves away
from the equilibrium position, reaches its largest displacement at time ¢; = In(Ay/A;)/(A; — Ay) (turning
point, Z(t;) = 0), and then creeps back into the equilibrium position without oscillating. Adapted from
Papula (2015).

Example 2.40 (Strong Damping). Consider the equation of motion
T+6x+875x=0
with the initial values z(0) = 0 and v(0) = 8. The characteristic equation has two distinct negative solutions:
AN 4+6A+875=0= )\ =—2.5, )\, =—3.5.

The general solution is therefore
I‘(f) — 016—2.51‘, + 028_3‘5t.
From z(0) = C,4+C5 = Qitfollows that Cy = —C. With#(0) = —2.5C;—3.5 Cy = 8 we obtain —2.5C,+3.5C =
C; = 8,50 (Cy = 8and (5, = —8. The particular solution is
z(t) =8 (e 25t —e 35 £ >0.

It is the special case v, = 8 of Example 2.39 and describes an aperiodic motion (overdamped case) with the turning point at

_ In(Ay/Ay)

=1In(1.4) ~ 0.34,
1 )\1 o >\2 n( ) ’

see Figure 2.10. L]

2.7.5. Aperiodic Limiting Case
2.7.5.1. General Solution of the Equation of Motion in the Aperiodic Limiting Case

For A = §2 — wg = 0 we have the aperiodic limiting case. It separates the oscillations from the aperiodic motions. What
is separated are the values of the damping factor 6 = b/(2m): at a fixed natural angular frequency w,, they fall into two
ranges with fundamentally different motion:

¢ For § < w, (weak damping, Section 2.7.3.1), the system oscillates. The mass swings about the rest position with
the angular frequency wy = w% — 02, passes through it infinitely often, and comes to rest with exponentially
decreasing amplitude. The special case 6 = 0 is the free undamped oscillation (Section 2.7.2).

* For § > wy (strong damping, overdamped case, Section 2.7.4), the system does not oscillate. The mass creeps back
to the rest position and passes through it at most once.
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2. Ordinary Differential Equations

The aperiodic limiting case § = wy, lies exactly on the boundary between these ranges. It belongs to the aperiodic motions
itself: as in the overdamped case, the mass passes through the rest position at most once (Figure 2.11). If the damping is
increased starting from ¢ = 0, w, becomes smaller and smaller and the period T, = 27 /w larger and larger. For 6 — w,,
wy — 0and T — oo: a full oscillation would never be completed. The limiting case is thus the smallest damping at which
the system no longer oscillates. For the damper constant, § = w, means that

b=2ycm.

If the mass is released from rest, it returns to the rest position faster in the limiting case than with any stronger damping,
without overshooting the rest position as with weaker damping.

Table 2.3.: Types of motion of the free mass-spring oscillator depending on the damping factor §

Solutions of the characteristic

Case Condition equation Motion Section
undamped 0=0 A1 2 = tjwy harmonic oscillation with Section 2.7.2
constant amplitude
weak damping 0 <0 <uw Ap g = —0 £ jwy damped oscillation, Section 2.7.3.1
infinitely many zero
crossings
aperiodic limiting  § = wy Aj 5 = —0 (double) aperiodic, at most one zero  Section 2.7.5
case crossing
strong damping 0 > wy Ao =—0=£+/ 02 — w% aperiodic, at most one zero  Section 2.7.4
(overdamped case) (real, distinct) crossing

In the limiting case, the characteristic equation (Equation 2.11) has the double negative real solution
A172 — _6.
By Equation 2.4, the general solution of the ODE Equation 2.10 is the function given in Equation 2.12,

z(t) = [Cit + Cyle™®, €y, 0y R (2.16)

The oscillatory mechanical system behaves similarly to the overdamped case. It moves aperiodically out of its initial position
and approaches the equilibrium state asymptotically, see Figure 2.11.

xﬂ

X0 = A

Figure 2.11.: Time history of the oscillation of a mass-spring oscillator in the aperiodic limiting case, z(t) =
[A+ (vy+ 0A) ] e~ for three different initial conditions: a) from rest (vy = 0), b) outward, i.e., away
from the equilibrium position (v, > 0), ¢) inward, i.e., toward the equilibrium position with sufficient velocity
(vg < —6A). The initial position is the same in all three cases: x, = A > 0 (red, with the initial tangents of
slope v,). The dots mark the turning points of the motion. Adapted from Papula (2015).
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2.7. Spring Pendulum
2.7.5.2. Special Cases of the Aperiodic Limiting Case

Example 2.41 (Aperiodic Limiting Case: Motion Starting from Rest). If the system starts from rest, the initial conditions
are £(0) = A and v(0) = 0. For the constants of the general solution Equation 2.12, it follows that

z(0)=Cy=A and z(0)=C; —4dC, =0,
ie.,C; = 6Aand C, = A. The particular solution is

x(t) = [§At + Ale™®, t>0.

The system moves aperiodically out of rest and approaches the equilibrium state asymptotically, see Figure 2.12. O
xﬂ
v = A4 #(0)=0

x(=A(+8)e™™

Figure 2.12.: Time history of the motion in the aperiodic limiting case, z(t) = A (1 + &t) e, for the initial values
x(0) = A and v(0) = 0 (red: starting point with horizontal tangent). Adapted from Papula (2015).

Example 2.42 (Aperiodic Limiting Case: Motion Starting from the Equilibrium Position). If the system, located in the
equilibrium position, is set in motion at time ¢ = 0 with the velocity v, > 0, the initial conditions are x(0) = 0 and
v(0) = vy.

With Equation 2.16
z(t) =[Oyt + Cole™®,  C),Cy €R.

it follows from
2(0)=Cy =0 and #(0) = C; —6C, = v,

that C, = vy and Cy = 0.

The particular solution is
z(t) = vy te ot

Owing to the initial velocity, the mass first moves aperiodically out of the equilibrium position, reaches its turning point at

time t, = 1/0, and then approaches the equilibrium state asymptotically, see Figure 2.13. ]
xﬂ
vol(6e)- x() =vot o
#0) = vy
} -
th=1/6 t

Figure 2.13.: Time history of the motion in the aperiodic limiting case, z(t) = v, t e %, for the initial values (0) = 0
and v(0) = v, > 0 (red: starting point and initial tangent). The turning point lies at t, = 1/0 with the
maximum displacement x(t5) = v,/(d ). Adapted from Papula (2015).
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Example 2.43 (Aperiodic Limiting Case). Consider an oscillatory mechanical system with the spring constant ¢ = 200
N/m and the damper constant b = 60 kg/s. How large must the oscillating mass m be for the aperiodic limiting case to
occur?

The aperiodic limiting case occurs for § = wy, i.e., for

b c b2 c
_— = — or —_— = —.
2m m 4m?2 m

b? 0kg/s)?
b> _ (6O0kg/s)” 4.5ke.
4e 4 - 200 N/m

For m > 4.5 kg, 0 < wy, so the system performs a damped oscillation. For m < 4.5 kg, it moves aperiodically
(overdamped case). O

Solving for m gives

m =

2.7.6. Forced Oscillation

In a forced oscillation, an external periodic force
F(t) = Fysin(wt)

with the amplitude F, and the excitation angular frequency w acts on the mass in addition to the restoring force and the
damping force. This force can also be represented in complex form, see Equation 2.19. The equation of motion of the
spring pendulum then reads

mi + b + cx = F sin(wt)

or, with the abbreviations § = b/(2m), w3 = ¢/m, and K, = F,/m,

&+ 204 + wiz = K sin(wt). (2.17)

2.7.6.1. Weakly Damped Forced Oscillation

Under weak damping (6 < wy), the homogeneous ODE associated with Equation 2.17,
&+ 204 +wiz =0
is solved, according to Section 2.7.3.1, by the function
z(t) = Age ™ sin(wyt + ;)

It describes a damped oscillation with the natural angular frequency

wy = \/wi — 6.

For the particular solution of the inhomogeneous ODE Equation 2.17 we use, following Equation 2.6, the complex ansatz
function
%(t) = Ae@t%) = Acos(wt — @) + jAsin(wt — ). (2.18)

In the complex calculation it is more convenient to write the argument in the form wt — . The external force F'(t) is also
converted into complex form:
F(t) = Fye*t = F, cos(wt) + jF, sin(wt). (2.19)

The complex and the real representations are therefore related by
z, = Im(z ) = Im [Ae@t=9)] = Asin(wt — )

and
F(t) =Im(FE(t)) = Im[Fye*t] = F, sin(wt).

In complex form, the equation of motion Equation 2.17 reads

Z 4 20 + wiz = Kyel“t.
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2.7. Spring Pendulum

We compute the time derivatives of the ansatz function z, (t) from Equation 2.18,
@p(t) = jwAel“=?) = jwAelwte i¥

and
ip(t) = w2 AelWt¥) = (2 Aelvteiv,

Substituting the derivatives into the equation of motion yields
—w?Aete 1% + 28jwAete Y + wiAete I = K et

Division by Ae™? # () and subsequent multiplication by ¢/ yields

K, .
—w? + 20jw + wE = =2ei.

A
Sorting the terms into real and imaginary parts yields
K, .
(W3 —w?) +j20w = I%W. (2.20)

The left-hand side of Equation 2.20 is a complex number in algebraic form with the real part wg — w? and the imaginary
part 20w. The right-hand side is the same number in polar form with the modulus K,/ A and the argument .

A Im(z)

Ko
A

26w
@

>

a)g - Re(z)

Figure 2.14.: Representation of the complex number z = (w% — w2) + j 20w in the complex plane: the real part wg —w?,

the imaginary part 20w, the modulus K,/ A, and the argument (phase angle) ¢ form a right triangle. Adapted
from Papula (2015).

With the Pythagorean theorem (see Figure 2.14) we obtain

2 K,1?
[wE — w?]” + [26w])* = {70] 2.21)
and
tan(p) = —22%_ (222)
Y= w2 —w?’ '

From Equation 2.21 and Equation 2.22, the amplitude A and the phase angle ¢ can be determined. For the amplitude we

have K 7
A= 0 = 0 ) 2.23
VR PPt @Daf | m kP T (20w 229

For the phase angle ¢ we distinguish three cases:

l. w<wy: ¢ = arctan ( 20w ), see Figure 2.15a.

2__ .2
(A)Ow

2. w=wy: ¢ = 7, see Figure 2.15b.
20w ) + 7, see Figure 2.15c¢.

2__ .2
(UOL/.)

3. w> wp: @ = arctan (

The particular solution of the ODE Equation 2.17 then reads, in complex form,

x = Adwt—¢)
“p

with the amplitude A from Equation 2.23 and the phase angle . The sought real solution is its imaginary part:
T, = Im@p) = Asin(wt — o).
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4 Im(z) 4 Im(z) 4 Im(z)

26w ¢

20w 4
26w
@

wj—w®  Re@) Re(2) |02 - 7| Re(2)

@Quw<w;:0<p<m/2 b)w=wy p=m/2 Qw>wym/2<p<T

Figure 2.15.: Phase angle ¢ of the forced oscillation as the argument of the complex number (w% — w?) +j20w in the
three cases (same scale, § fixed). Adapted from Papula (2015).

Under weak damping (6 < wy), the equation of motion Equation 2.17 therefore has the general solution
x(t) =z + 2, = Age ™0 sin(wyt + @4) + Asin(wt — ).

The motion of the weakly damped system is thus composed of two oscillations that superpose without disturbing each
other.

The homogeneous equation of motion & + 21 + w%a: = 0 provides the contribution
x, (1) = Age % sin(wyt + ), (2.24)

a damped oscillation with the natural angular frequency w,; = \/wg — ¢2. Since it is damped, it dies out after a certain
time, the transient phase. It is therefore also called the “transient component”, see Figure 2.16.

xﬂ
Aat

Agsingyq ¢

xp(H) =Aq 67()ISiH((1)dZ‘ + @q)

/

Tq=2rlwq

Figure 2.16.: “Transient” contribution ,,(t) = Ae % sin(wyt + @) of the homogeneous equation of motion to the total

solution: a damped oscillation with the envelope :];Adef‘st (dashed), the initial value A, sin ¢, and the period
T, = 27 /w,. Adapted from Papula (2015).

The contribution of the inhomogeneous equation of motion & + 2§ + w%x = K sin(wt) to the total oscillation is the
particular solution
z,(t) = Asin(wt — @), (2.25)

an undamped oscillation with the angular frequency w of the exciter. The external force F'(t) thus excites the system to a
harmonic oscillation, see Figure 2.17. Such a contribution is called a “forced oscillation”.

After the transient phase, the transient component of the solution has vanished, so that only the forced oscillation remains,
see Figure 2.18.

The mechanical system then oscillates without damping at the angular frequency w of the exciter. The amplitude and
the phase shift ¢ between the excitation and the steady-state solution xp(t) depend on the excitation angular frequency,
A= A(w)and p = p(w).

Example 2.44 (Forced Oscillation). This numerical example is not taken from Papula (2015). It uses characteristic data
similar to Example 2.37. A mass-spring oscillator with m = 10 kg, b = 40 kg/s, and ¢ = 250 N/m is excited by the
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XA
xXp(1) = A sin(wt — @)

/

@lo

[——>

—>

T=2nlw

Figure 2.17.: “Forced” contribution z,, (t) = Asin(wt — ) of the inhomogeneous equation of motion to the total solution:
an undamped oscillation with the excitation angular frequency w, the amplitude A, the time shift ¢ /w, and
the period T' = 27 /w. Same scale as in Figure 2.16. Adapted from Papula (2015).

xﬂ
x(1) = xn(2) + xp(2)
& ) /\ /\
’ll \“ t
_A ._\\ ’, s
xp(0)

Figure 2.18.: Total solution z(t) = x,(t) + x,(t) (solid) composed of the components in Figure 2.16 and Figure 2.17:
after the transient phase, it passes into the forced oscillation z, (t) (dashed).
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force F'(t) = 100N - sin(3s™! - t) and starts from the rest position, z(0) = 0 and v(0) = 0. We omit the units in the
intermediate calculations. With

b c E
5:%:2, w():\/;:5a K(J:EO:]‘O? w:3

the equation of motion Equation 2.17 reads
& + 4% + 252 = 105sin(3t).

Since 0 < wy, the system is weakly damped with wy; = /25 —4 = +/21. By Equation 2.23 and Equation 2.22, the
amplitude and the phase angle of the forced oscillation are

10 10 10

A: —= = —_—
V(25-9)2+(2-2-3)2 256+ 144 20

=0.5

and, since w < wy),

(o = arctan (%) = arctan (2) ~ 0.6435,

i.e., sin = 3/5 and cos ¢ = 4/5. In the form of Theorem 2.10, the general solution is

z(t) =e 2 [Cl sin(V21t) 4 Cy cos(\/ﬁt)] + 0.5 sin(3t — ¢).
From z(0) = Cy — 0.5sinp = C; — 0.3 = 0 it follows that C, = 0.3. From

i(0) = V21 C, —2C, + 1.5cos o = V21 C; — 0.6 +1.2 =0
it follows that C'; = —0.6/+/21 ~ —0.1309. The particular solution is therefore

o(t) = 72 [~0.1309sin(v/21 t) + 0.3 cos(v/21#)] + 0.5 sin(3¢ — 0.6435)

(inm, t > 0). Since e 2t < 0.01 fort > 2.3 s, the transient component has practically died out by then. Afterwards, the

system oscillates in steady state with the amplitude 0.5 m and the excitation angular frequency 3 s~ ', lagging behind the
excitation by ¢ /w = 0.21 s. O

2.7.7. Frequency Response

Definition 2.11 (Frequency Response). The dependence of the amplitude A and the phase shift ¢ of the forced oscillation
on the excitation angular frequency w is called the frequency response. The function A(w) is called the amplitude frequency
response, the function ¢(w) the phase frequency response. O

2.7.7.1. Frequency Response of the Amplitude

By Equation 2.23, the amplitude of the forced oscillation is

Fy

Alw) = m\/(wg —w?)2 + (2&0)2.

(2.26)

This function is also called the resonance curve. Its value at w = 0 describes the static case.

Definition 2.12 (Static Case). The static case is the limiting case w — 0 of the forced oscillation. The excitation force then
changes so slowly that at every instant it acts like a force that is constant in time. A constant force Fy, stretches the spring by
the static displacement

2y =", (2.27)
O
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2.7. Spring Pendulum

Remark 2.5 (Remark on the Static Case). Strictly speaking, the excitation force Fj, sin(wt) vanishes for w = 0. What
is meant is therefore the limit w — 0: the period 27 /w of the excitation becomes arbitrarily long, and the force passes
through its values between — I, and Fj, arbitrarily slowly. In the static case, the resonance curve has the value

mwg

A plausible explanation follows from comparing the three forces in the equation of motion m + b& + cx = F'(t). For the
steady-state solution = A sin(wt — ), the inertial force m, the damping force b, and the spring force cx have the
amplitudes

mAw?, bAw  and  cA.

For w — 0, the first two become arbitrarily small compared with the spring force, and the equation of motion turns into
Hooke’s law ¢z = F(t) (Theorem 2.7). The mass is moved so slowly that neither its inertia nor the damper plays a role;
the spring alone balances the external force. This is why A(0) depends neither on the mass m nor on the damping J, and
why all resonance curves in Figure 2.19 start at the same point. For the same reason, the displacement follows the force
without delay; the phase shift is ¢(0) = 0 (Section 2.7.7.2).

In the static case, the mass-spring oscillator looks as in Figure 2.2, with the force F'(t) = F|, pulling downward constantly.
The mass rests in a new equilibrium position that lies z, = F|,/c below the original rest position = 0. The spring is
stretched by this amount in addition, and the piston of the damper stands still. The system acts like a spring balance that
indicates the force [}, by the extension of the spring.

For the behavior, we distinguish two situations:

1. Constant force. If the force F|, is switched on at time ¢ = O while the mass rests at the rest position = = 0, then by
Table 2.2 (polynomial of degree 0), z, = I, /c is a particular solution of & + 20% + w%x = F,,/m. The general
solution is z:(t) = x,(t) + F,/c. The component x; of the homogeneous ODE describes a transient motion that,
depending on the damping (Table 2.3), dies out as a damped oscillation about x, or as a creeping motion. Afterwards,
the mass stays at the position x.

2. Very slowly varying force. If the force F'(t) = F| sin(wt) changes with a very small excitation angular frequency
w <K wy, the mass passes through the equilibrium positions z(¢) ~ F'(t)/c one after another. It moves in step
with the force between —z, and x, without oscillating noticeably at its natural frequency. Such a motion is called
quasi-static.

The static displacement serves as the reference quantity for the resonance curve: the ratio A(w)/z states by which factor the
periodic excitation increases the displacement compared with the static case. In Example 2.44, z, = 100N/(250N/m) =
0.4 m. Atw = 35!, the amplitude is 0.5 m, so the displacement is larger than in the static case by the factor 1.25.  []
The maximum of the resonance curve lies where the radicand in the denominator of Equation 2.26,

U(w) = (wf —w?)? + (20w)?,

becomes minimal. From the condition

U (w) = dw(w? — wd +26%) =0

w, = \/wi — 262,

which is real only for wg > 262. The second derivative

we obtain, for w > 0, the minimizer

U (w) = 4(3w? — w3 + 26%)

is positive at this point:
U (w,) = 4(3w? — wi + 26%) = 8(wE — 26%) > 0.

At w,, the resonance curve A(w) therefore has a maximum. The angular frequency w, is called the resonance frequency, the
amplitude A, = A(w,) the resonance amplitude. In the presence of damping, the resonance frequency is always smaller
than w, and hence smaller than the natural angular frequency wy:

w, = \JwE — 202 <wy = y/wd — 62 < w.
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If the excitation angular frequency equals the resonance frequency, w = w,, the system oscillates with the largest possible
amplitude. This resonance case yields the resonance amplitude

F, F,

_ 0 _ .
2mdJwi — 42 2modw,

With increasing excitation angular frequency w, the amplitude A(w) decreases and tends to zero as w — 0o. The system is
then no longer able to follow the rapid changes of the excitation force. Figure 2.19 shows the resonance curve for three
dampings.

A=A, =AWw)

AA

F()/C-

>
>

(s (O [0)]

Figure 2.19.: Frequency response of the amplitude A(w) (resonance curve) of the forced oscillation for the dampings
9, = 0.15wy < 0y = 0.3wy < 3 = 0.5w,. All curves start at the static value A(0) = F|,/c. The dots

mark the resonance amplitudes at the resonance frequencies w, = /wg — 202 < wy, (drawn for d5). Adapted
from Papula (2015).

In summary, we obtain the important result for the resonance case:

Theorem 2.13 (Resonance Case). The resonance case occurs when the excitation angular frequency w equals the resonance

frequency
w, = \/w3 — 262
The system then oscillates with the largest possible amplitude, the resonance amplitude A,. O

2.7.7.2. Frequency Response of the Phase Shift

By Equation 2.25, the forced oscillation always lags behind the excitation oscillation by the phase angle ¢, where ¢ lies
between 0 and 7. Figure 2.20 shows the frequency response of the phase shift ¢(w).

In the static case (w = 0) the phase shift is ¢(0) = 0, for w = wy itis ¢(wy) = /2, and for w — oo itis p(co) = 7. For
high angular frequencies, the oscillation therefore lags behind the excitation oscillation by 7: exciter and system oscillate in
antiphase.

Example 2.45 (Frequency Response in the Absence of Damping and under Strong Damping). We investigate the frequency
response of the amplitude A(w) and of the phase shift ¢(w) in the absence of damping (§ = 0) and under strong damping
(6 > wy). The basis is the resonance curve Equation 2.26 and the phase relation

No damping (§ = 0). The resonance curve simplifies to

Fy

7]

Aw) = (w # wp)-

m|w

It starts in the static case at A(0) = F,/(mw?) = x, increases monotonically for 0 < w < w, and tends to infinity as
w — wy. Forw > wy, it decreases monotonically and tends to zero as w — oo. The resonance frequency w, = \/wi — 262
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/2 -

v

Figure 2.20.: Frequency response of the phase shift ¢(w) in a forced oscillation for the same dampings §; < d5 < 05 as in
Figure 2.19. All curves pass through the point (wg, 77/2) and approach the limit 7 as w — co. Adapted from
Papula (2015).

coincides with the natural angular frequency wj. A finite resonance amplitude does not exist. At w = wy), the excitation
is a solution of the homogeneous ODE. By Table 2.2, the ansatz with the factor ¢ must then be chosen, which yields the

particular solution
Ey
z (t) = — t cos(wyt).
() 2muw (wot)

Its amplitude grows linearly with time beyond all bounds. This case is called a resonance catastrophe. A real system is
destroyed by it unless damping prevents it.

The numerator 26w of the phase relation vanishes, so tan(¢) = 0 for all w # wy,. For w < w, the denominator is positive
and ¢ = 0: the system oscillates in phase with the excitation. For w > w, the denominator is negative and ¢ = 7: the
system oscillates in antiphase. Atw = wj), the phase response jumps from 0 to 7. It is the limit of the curves in Figure 2.20
as 0 — 0.

Strong damping (6 > w). We write the radicand in the denominator of Equation 2.26 as a polynomial in w2,

U(w) = w* +2(26% — w) w? + wg.

Since § > w,, we have 262 — wg > §2 > 0. All coefficients are positive, so ¥ increases strictly monotonically for w > 0
and the amplitude A(w) decreases strictly monotonically. The resonance curve attains its maximum in the static case,
A(0) = =z, and there is no resonance: w, = \/w3 — 262 is not real. This already holds for § > w,/ /2. At the natural
angular frequency, the amplitude is

_ Fy wy T
C 2mlw, 26 TS

A(wp)
and it tends to zero as w — 0.

As in the case of weak damping, the phase response runs from ¢(0) = 0 via ¢(w,) = 7/2 to p(c0) = 7, but it rises
noticeably already at small angular frequencies. At w = w;/2,

44
tan((p) = ﬁ .
0

For § > wy, it follows that ¢ > arctan(4/3) ~ 53°, whereas the weak damping 6 = 0.1 w,, reaches only ¢ ~ 7.6°. Under
strong damping, the transition from O to 7 is therefore spread over a wide frequency range. In Figure 2.20, this tendency is
already visible in the curve with the largest damping J. O

2.8. Simple Pendulum

Definition 2.13 (Simple Pendulum). A simple pendulum is a physical model consisting of a mass m at the end of a massless,
inextensible thread of length [. Its position is described by the angle of deflection () from the vertical rest position. [
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2. Ordinary Differential Equations

2.8.1. Equation of Motion

If the pendulum is displaced and released, it oscillates under the influence of gravity. The motion is described by an ODE
based on Newton’s second law and on the fact that the restoring force is proportional to the sine of the angle of deflection
(Figure 2.21). With the weight force F; = mg and the gravitational acceleration g, the restoring force Fy is

Fr = Fgsin(p) = mgsin(y).
With the arc length s(¢), the equation of motion reads

F =ms=—mgsinp(t).

Because

it can be formulated in terms of s(¢) alone,
.. 5
F'=ms = —mgsin (7) ,

or in terms of the angle of deflection ((¢) alone:

F =ml¢$ = —mgsin(yp). (2.28)

Fgcosg
Fo=mg

Figure 2.21.: Simple pendulum: mass m on a massless thread of length [, displaced from the rest position (dashed) by
the angle ¢. The arc length on the circular path with radius [ is s = lp. The weight force Fi; = mg is
decomposed into the tangential restoring force F, = F{; sin ¢ and the component F{; cos ¢ along the thread.

The simple pendulum sketched in Figure 2.21 oscillates almost harmonically for small displacements. Rearranging

Equation 2.28 yields the ODE

¢+%mm@=0. (2.29)

In simplified form we obtain the representation in Figure 2.22.

For small displacements ¢, sin() ~ ¢, so that Equation 2.29 approximately takes the form

¢+%¢=0 (2.30)
With wg = g/I, the ODE reads
P+ wip=0. (2.31)

48



2.9. Reduction of Order

Figure 2.22.: Simple pendulum of length [ with the mass m and the angle of deflection . The mass oscillates on a circular
arc between the turning points A and B. Adapted from Papula (2015).

2.8.2. The General Solution of the Equation of Motion

The characteristic equation
N+wi=0

has the solutions
A1,2 = tjwy.

The general solution of Equation 2.31 is
(t) = C; sin(wyt) + Cy cos(wyt)

with the time derivative
@(t) = wy [C] cos(wyt) — Cy sin(wgt)] -

The simple pendulum oscillates with the angular frequency

_ /9
wO\/;v

wo 1 /g

“or 2\

l
Ty = 2my [ —.
Y

Example 2.46 (Simple Pendulum: Motion Starting from Rest). For the initial conditions ¢(0) = ¢, and ¢(0) = 0, the
pendulum starts from rest. Since p(0) = Cy = ¢, and p(0) = wyC; = 0, i.e., C; = 0, the particular solution is

the frequency
Yo

and the period

o(t) = pycos(wpt), t>0. O

A pendulum that oscillates only at small angles is a rather uninteresting pendulum. Unfortunately, for the pendulum equation
Equation 2.29 at large angles there is no explicit solution that is algebraically as simple. Since this system is much simpler
than most engineering systems and still has no simple analytical solution, the need for numerical solution methods for
ODEs becomes clear.

2.9. Reduction of Order

We consider a vector S(t) that represents the state of a system as a function of time ¢. In general, the state comprises all
dependent variables that are relevant to the behavior of the system. For an initial value problem of the ODE of order n

yWt) = f(Ly(),y (£),y" (1), .y (1))
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2. Ordinary Differential Equations

we define the state as

y(t)

y'(t)

st =] v

v
The derivative of the state is then
y'(t) y'(t) S, (1)
ds(t) y”'(t) B y”.(t) B 53.(15)
| e | Y (1) B 5, (1) |
y™ (t) F(ty@), 4/ (), .,y (1) f(t,51(8), S3(t), ..., Sp(t))

where S;(t) is the i-th component of S(¢). In this description, %ff) can be expressed in terms of S(¢) alone, without y(t)

and its derivatives. If f now denotes the vector-valued right-hand side, then

ds(t)

S — e s)).

This equation is a first-order ODE in .S: we have converted an ODE of order n into n coupled first-order ODEs.

Example 2.47 (Coupled Differential Equations). A very simple model to describe the change in the populations of rabbits,
r(t), and wolves, w(t), could be

dr(t)
T 4r(t) — 2w(t) (2.32)
and
WO — 1) + o) (233)

Equation 2.32 states that at each time step the rabbit population quadruples, but each wolf eats two of the rabbits. Equa-
tion 2.33 states that at each time step the population of wolves increases by the number of rabbits and wolves in the system.
We write this system of differential equations as an equivalent differential equation in S(t).

To do so, we combine the two populations in the state vector

_ [ @
s =[ 0 |-
We form its derivative componentwise and substitute Equation 2.32 and Equation 2.33:

as(t) _ [ o ] _[ 490,

a | el r(t) + wit)

The right-hand side is linear in 7(¢) and w(t) in both components. We thus write it as the product of a coefficient matrix
and S (t): the first row contains the coefficients 4 and —2 of Equation 2.32, the second row the coefficients 1 and 1 of
Equation 2.33. The first-order differential equation

ds(t) { 4 -2

y L ] S(t) (234)

is therefore equivalent to the pair of differential equations. Multiplying out the right-hand side recovers Equation 2.32 and
Equation 2.33. O

Equation 2.34 is a coupled ODE.

Definition 2.14 (Coupled ODE). A system of ODEs in which one or more unknowns appear in more than one equation is
called coupled. The equations then depend on each other. O
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2.9. Reduction of Order

Many numerical methods for initial value problems are designed for first-order ODEs. To use them for higher-order ODEs,
their order is reduced to one. To this end, new variables are introduced for the derivatives of the original function up to the
(n — 1)-th order, which converts an ODE of order n into a system of n first-order ODEs.

Theorem 2.14 (Reduction of Order). Consider an ODE of order n in the form

y™ = f(tyyy, .y,

With the n new variables

yl = ya

Yo =,

y3 = y//7

Y, =y,

each of which corresponds to a derivative of the original function v, it is equivalent to the system of n first-order ODEs
consisting of the n — 1 equations

Y1 = Ya,
Yo = Vs,
y;zfl = yn
and the equation
Yn = F(6 Y15 Y2, Y35 5 Un) (2.35)

O

Proof. The first n — 1 equations follow from the definition of the y,. The last equation is the original ODE expressed in
terms of the y;. O

The system contains only the ¥, and can be solved with the usual numerical methods for systems of first-order ODEs, e.g.,
with the Runge-Kutta methods.

In vector form, the variables and their derivatives with respect to time ¢ are collected into
Y1 Y
/7
S=|" and S = |2
Yn Yn

A linear system can then be written in matrix form as
S’ =AS +g(t),

where A is an n X n matrix of the coefficients and the vector function g(¢) describes external influences or inhomogeneous
terms. If the right-hand side in Equation 2.35 is linear, f = a,y; + ayys + -+ + a,,¥,,, and no external influences act,
then g(¢) = 0 is the zero vector. The matrix A then has the form

0 1 0 0

0 0 1 0
A= :

0 0 O 1

a; Gy asz - a,

Example 2.48 (Reduction of Order). Consider the second-order ODE

y" = —uwiy.
With the new variables
yl =Y,
Yo=Y
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2. Ordinary Differential Equations

we obtain, since the derivative of y; equals y,, the system

yl :y27

Yo = _Wgyr

It consists of two first-order ODEs that are equivalent to the original second-order ODE and can be solved with numerical

methods. With
_(n (Y _ (¥ _ (0 1 _
5= <y2>’ 5= <y5> _'<-—w3y1>’ A= (—%03 0) and g(t) =0

it IeadS in matrix f()l‘m ,
<y2/ W 0 y2

Example 2.49 (Reduction of Order of the Differential Equation of the Simple Pendulum). The second-order ODE of the

simple pendulum Equation 2.30,

¢+%¢=Q

reads, after rearranging,
. _g
We set
Y1 =19, Yo =¢. (2.36)
By Equation 2.36, differentiating y, yields y; = y,. We thus obtain the first-order system

Y1 = Yo
-
2 e
or, in matrix form with S = (y;,9,)7,
ds(t 0 1
<)::<_g )S@y (2.37)
dt ;0 O

Although the reduction of order leads to a system with several variables, all derivatives are still taken with respect to the
same independent variable, e.g., . Hence we again obtain a system of ordinary differential equations.

52



3. Numerical Integration of a Differential Equation

Chapter 6 (“Numerical Integration of a Differential Equation™) in Part IV of Papula (2015) gives an introduction to the

numerical integration of ODEs. The symbols used in this chapter are listed in Table 3.1.

Table 3.1.: Symbols in Chapter 03

Symbol Meaning Type Defined in

d Differential (dx, g—i’) Operator Ch. 02

e Euler’s number Constant Example 2.1

f Function; right-hand side of  Function Definition 3.1, Equation 3.6
the ODE ¢y’ = f(z,y) or
u' = f (ta ’LL)

g Gravitational acceleration Constant Equation 2.30

h Step size of an integration Scalar Definition 3.1
scheme; grid spacing
h=1/(n+1)

1 Running index (component, Index Ch. 02
row, eigenvalue number,
spring number)

k Running index Index Definition 3.1
(timef/iteration step, mode,
eigenvalue number)

kiy... ky Increments of the Scalar Definition 3.7,
Runge-Kutta method, Definition 3.8
k;=hs;

l Length of the simple Constant Equation 2.30
pendulum

n Order of an ODE; Index Ch. 02, Definition 3.1
dimension of a matrix or
system; number of steps

P Order of consistency, Index Definition 3.4
O(h?)

Sy 3845 8 Slope values of the Scalar Figure 3.7
Runge-Kutta method of
order 4; mean slope

t Time Scalar Ch. 02

173 k-th time point of the grid;  Scalar Example 3.2
1, initial time, ¢ ¥ final time

T Independent variable (Ch. Scalar Ch. 02
02 §1-4, 03, 06, 08
eigenfunctions)

Thr Yge Grid point x;, = x5 + kh Scalar Definition 3.1
and approximation
Y ~ y(xy)

y Unknown function y(x) or ~ Function Ch. 02
vector of unknown
functions; 3,y , ™
derivatives

Yo Initial value y(z) Scalar Ch. 02
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3. Numerical Integration of a Differential Equation

Symbol Meaning Type Defined in

Y1y s Yn Components of the state Function Theorem 2.14
vector .S in the reduction of
order (y; =4, Y5 =y, ...)
or of the solution vector 4 of
a system

y1(k),ys (k) Approximation of the Scalar Example 3.2
components ¥, Y, of the
state vector in step k

O(hP) Landau symbol (order of Operator Definition 3.4
magnitude of the error)
Py, P,Q,R,S Points in the geometric Point Definition 3.1, Figure 3.7

interpretation of the Euler
and Runge-Kutta methods

S State vector S(t); S, its i-th ~ Vector Ch. 02, Equation 3.4
component, So initial state
Y Coefficient of a linear Scalar Equation 3.7

combination (weights of the
RK2 method; expansion of
the starting vector in
eigenvectors; basis
representation in the

eigenspace)
Ay, Increment in step k Scalar Table 3.4
N1, Mo Node parameters of the RK2  Scalar Equation 3.7

ansatz (fractions of h in the
time and state directions)

o(t) Angle of deflection of the Function Equation 2.30
simple pendulum; ¢, initial
deflection

vy, y™ First, second, n-th Operator Ch. 02

derivative with respect to
the independent variable

5 Partial derivative Operator Ch. 02

At Inverse Operator Example 3.2

local Line elements a, b, ¢, d, local Figure 3.7, Table 3.4
straight line g, and
coordinates

Q,Yq TR, YRrs Ts» Ys Of
the construction in

Figure 3.7; intermediate
value y;, 5 of the midpoint
method

3.1. Explicit Euler Method (Euler’s Polygon Method)

Definition 3.1 (Explicit Euler Method (Euler’s Polygon Method)). Let a first-order ODE

y' = f(z,y)

with the initial point Py = (2, y,) be given. The explicit Euler method (Euler’s polygon method) computes the solution
curve y = y(x) point by point at the positions x,, = z;, + kh with the step size h according to the iteration rule

y(mk) ~ Yy :yk71+hf(xkfl7yk71) (k: 1,2,...,”), (31)

see Figure 3.1. O

For practical computation, the computational scheme in Table 3.2 is used.
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3.1. Explicit Euler Method (Euler’s Polygon Method)

y A
y(x3) = y3
T °
Y3 P,
T
T
Yot Po

> < > < >

Figure 3.1.: Euler’s polygon method, computed for y’ = y with h = 0.6: the exact solution curve y(x) (blue, solid) and
the Euler polygon (orange, dashed) through the points P, = (z,y;,) with x;, = z, + kh. Each segment
has the slope f(z),_1,Yy;_;) of its left endpoint. The open circles mark the exact values y(x}, ), the red arrow
marks the deviation y(x4) — y after three steps. Adapted from Papula (2015).

Table 3.2.: Computational scheme for Euler’s method

k xT y h x f(may)

0 Lo Yo h x f(xg, o)

1 Ty =x5+h Y= hx f(xy,y;)
Yo +hx f(xg,v0)

2 Ty =X+ 2h Yy = hx f(zq,Ys)
Yy +hx f(zy,y)

:I’L xn:x0+nh El/n:ynfl+hx hxf(xnvyn)
f(xnflvynfl)

Example 3.1 (Euler’s Method). We solve the ODE

dy
=L = e_m
4 dx
with the initial condition y(0) = —1 numerically using Euler’s method and compare the result with the exact solution

y(z) = —e 2.
We use the step size h = 0.1 and compute the approximate solution at the points x;, = 0.1k for k = 0,1, ..., 10, that
is, forz = 0, 0.1, 0.2, ..., 1. The right-hand side f(z,y) = e ® depends on x only. The iteration rule Equation 3.1
therefore reads

Yp = Yp_1 +he "1 (k=1,2,..,10).

We start with = 0 and y, = —1:

1. k=1: hf(zg,yy) =0.1-e°=0.1,s0y; = —1+0.1 = —0.9.
2. k=2 hf(xy,y;) =0.1-e7%1 =0.090484, so y, = —0.9 + 0.090484 = —0.809516.
3. k=3: hf(zy,y,) =0.1-e92 =0.081873, s0 y3 = —0.809516 + 0.081873 = —0.727643.

The remaining steps proceed in the same way. Table 3.3 contains the complete computational scheme from Table 3.2,
extended by the exact values y(z;,) = —e™“* and the error y;, — y(xy,).
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3. Numerical Integration of a Differential Equation

Table 3.3.: Euler’s method for y’ = e, y(0) = —1, with h = 0.1

k L, Yk hox f(xy, y,) y(xy,) Y — yl(xy,)
0 0 —1 0.1 -1 0

1 0.1 —-0.9 0.090484 —0.904837 0.004837
2 0.2 —0.809516 0.081873 —0.818731 0.009214
3 0.3 —0.727643 0.074082 —0.740818 0.013175
4 0.4 —0.653561 0.067032 —0.670320 0.016759
5 0.5 —0.586529 0.060653 —0.606531 0.020001
6 0.6 —0.525876 0.054881 —0.548812 0.022935
7 0.7 —0.470995 0.049659 —0.496585 0.025590
8 0.8 —0.421337 0.044933 —0.449329 0.027992
9 0.9 —0.376404 0.040657 —0.406570 0.030166
10 1.0 —0.335747 0.036788 —0.367879 0.032133

The approximation always lies above the exact solution, and the error grows from step to step. The reason is that the exact
solution is concave because iy’ = —e~* < 0, and each segment of Euler’s method takes the slope at its left endpoint, which
exceeds the mean slope over the interval. At z = 1 the error is 0.032, roughly 8.7 % of the exact value —0.367879. [J

import numpy as np

ydot = lambda x, y: np.exp(-x) # OUDE

h=0.1 # step size

x = np.arange(0, 1 + h, h) # computational grid
yO = -1 # initial value

n = len(x) # number of steps

# Exzplicit Euler method
y = np.zeros(n)
y[0] = yO
for k in range(0, n - 1):
ylk + 11 = y[k] + h * ydot(x[k], ylkl)
print(f" k: {k:<2} x: {x[k]:<56.6f} y: {y[k]:<5.6f} h*f: {h*ydot(x[k], y[k]):<5.6£}")
k=n-1
print(f" k: {k:<2} x: {x[k]:<56.6f} y: {y[k]:<56.6f} h*f: {h*xydot(x[k], y[k]):<5.6£}")

k: 0 x: 0.000000 y: -1.000000 hxf: 0.100000
k: 1 x: 0.100000 y: -0.900000 hxf: 0.090484
k: 2 x: 0.200000 y: -0.809516 hxf: 0.081873
k: 3 x: 0.300000 y: -0.727643 hxf: 0.074082
k: 4 x: 0.400000 y: -0.653561 h*xf: 0.067032
k: 5 x: 0.500000 y: -0.586529 h*f: 0.060653
k: 6 x: 0.600000 y: -0.525876 hxf: 0.054881
k: 7 x: 0.700000 y: -0.470995 hxf: 0.049659
k: 8 x: 0.800000 y: -0.421337 hxf: 0.044933
k: 9 x: 0.900000 y: -0.376404 hxf: 0.040657
k: 10 x: 1.000000 y: -0.335747 h*f: 0.036788

import matplotlib.pyplot as plt

Jmatplotlib inline

plt.figure(figsize = (9, 6))

plt.plot(x, y, 'bo--', label='Approximation')
plt.plot(x, -np.exp(-x), 'g', label='Exact')
plt.xlabel('x"')

plt.ylabel('y(x)")

plt.grid()

plt.legend(loc='lower right')

plt.show()
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3.1. Explicit Euler Method (Euler’s Polygon Method)

~0.4 -

—0.5 A

—0.6 A

y(x)

—0.7 A

—0.8 A

-0.9 A

-@®- Approximation
—1.0 A —— Exact

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.2.: Approximate solution of the differential equation with Euler’s method. Step size h = 0.1.

In Figure 3.2 each point is a linear extrapolation of the previous point. Starting from the initial value, we thus obtain an
approximation of the solution on the numerical grid. With A = 0.01 the approximation improves, see Figure 3.3.

import numpy as np

ydot = lambda x, y: np.exp(-x) # UDE

h =0.01 # step size

x = np.arange(0, 1 + h, h) # computational grid
yO = -1 # 4nitial value

n = len(x) # number of steps

# Explicit Euler method
y = np.zeros(n)
yl[0] = y0
for k in range(0, n - 1):
ylk + 1] = ylk] + h * ydot(x[k], y[k])

import matplotlib.pyplot as plt

Jmatplotlib inline

plt.figure(figsize = (9, 6))

plt.plot(x, y, '--', label='Approximation')
plt.plot(x, -np.exp(-x), 'g', label='Exact')
plt.xlabel('x"')

plt.ylabel('y(x)")

plt.grid()

plt.legend(loc='lower right')

plt.show()
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3. Numerical Integration of a Differential Equation

~0.4 -

—0.5 1

—0.9 A

——- Approximation
—1.0 A —— Exact

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.3.: Approximate solution of the differential equation with Euler’s method. Step size h = 0.01.

The method is called explicit because ¥, ; is computed solely from the already known values x;, and ;.

3.2. Implicit Euler Method

The implicit Euler method differs from the explicit (forward) Euler method in that the function f is evaluated at the end
point of the step rather than at the starting point.

Definition 3.2 (Implicit Euler Method). Let the initial value problem

v = flz,y), y(xo) = yo,

be given with a step size h > 0 and the nodes z;, = z, + kh, k = 0, 1, ... The implicit Euler method computes the
approximations y;, according to the iteration rule

Y1 = Yp + Pf(Tpi1,Upn), E=0,1,... (3.2)
O

The value f(), 1,1 ) is not given explicitly, because y,,_ ; appears on both sides of the equation. The equation therefore
has to be solved for y,, ; in every step. The explicit method does not need this computation, because its rule is already
solved for v, ;. The values y,, approximate the values y(z;,) of the exact solution of the initial value problem. The smaller
the step size h, the higher the computational cost and the better the approximation.

3.3. Trapezoidal Method

Before showing how to solve the implicit Euler formula, we introduce another implicit formula, the trapezoidal formula. It
is the average of the explicit and the implicit Euler formulas.
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3.4. Simple Pendulum: Euler Methods in Matrix Form

Definition 3.3 (Trapezoidal Method). The trapezoidal method computes the next point in each case according to the
iteration rule

h
Yer1 = Y+ 5 (f(@pyp) + F( @i Ypra)) - (33[)]

The method can be read as a predictor-corrector scheme. First, the explicit Euler method yields a preliminary value for
Yr,1 (predictor step). This value is used to compute the slope at the end of the interval. The average of the slopes at the
beginning and at the end of the interval then determines the final value y;, ., ;.

3.4. Simple Pendulum: Euler Methods in Matrix Form

To show how the implicit schemes (Equation 3.2 and Equation 3.3) are solved, we consider the pendulum equation, which
was reduced to a first-order system in Equation 2.37. With the state vector S(t) = (y,(t),y,(t))T = (p(t), p(t))T it

reads
ds(t)

S = fesoy = (G g)so. G4

Example 3.2 (Euler and Trapezoidal Methods for the Simple Pendulum). We consider the time points ¢;, = ¢, + kh and

write y; (k) and y, (k) for the approximations of the components ¥y, (¢, ) and y5 (¢, ) in step k. Substituting Equation 3.4
into the explicit Euler formula Equation 3.1

Y1 = Yp + hf(Tp, yp)

() = () e (0 o) () = (L 3 ().

Substituting Equation 3.4 into the implicit Euler formula Equation 3.2

we obtain

Y1 = Y T f(Thi1, Ypir)

() = () w2 (B o) (650)

yields
and hence

Rearranging (matrix inversion) yields

Substituting into the trapezoidal formula Equation 3.3

h
Y1 = Y + 5 (f(xp,un) + f(@ry1Ypsn))

we obtain

and from this

Solving for y,., | yields for the trapezoidal formula
—1
() = <1h —’;) ( L ") (). -
Yo (k+1) S| —20 1) \ya(k)

These equations solve the initial value problem, because the next state S(¢,_ ;) can be computed from every state S(¢;,). In
general, this is possible whenever the ODE is linear.
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3. Numerical Integration of a Differential Equation

3.5. Numerical Error and Instability

For integration schemes for ODEs, two questions are central: accuracy and stability.

Definition 3.4 (Accuracy). The accuracy of an integration scheme describes how well it approximates the (usually unknown)
exact solution as a function of the step size h. It is stated in O-notation: a scheme has order p if its error behaves like
O(hP) for h — 0. O

Definition 3.5 (Stability). The stability of an integration scheme is its ability to keep the error from growing while integrating
forward in time. If the error does not grow, the scheme is stable; otherwise it is unstable. A scheme that is stable only for
certain step sizes h is also referred to as unstable. O

To illustrate stability problems, in Example 3.3 we solve the pendulum equation numerically using the explicit Euler method,
the implicit Euler method, and the trapezoidal rule.

Example 3.3 (Programming the Euler Methods). We solve the pendulum equation Equation 3.4 over the time interval
[0, 5] with the step size h = 0.1 and the initial state
1
5= (o)

using the explicit Euler method, the implicit Euler method, and the trapezoidal rule. For the model parameters we use

v/ g/l = 4 (w in the code). O

import numpy as np
from numpy.linalg import inv
import matplotlib.pyplot as plt

Jmatplotlib inline

# define step size

h=20.1

# define numerical grid

t = np.arange(0, 5.1, h)

# oscillation freq. of pendulum
w =24

s0 = np.array([[1], [011)

m_e = np.array([[i1, h],
[-wx*2*h, 1]])
_i = inv(np.array([[1, -h],
[wk*2xh, 111))
m_t = np.dot(inv(np.array([[1, -h/2],
[w*2+h/2,11]1)), np.array(
[[1,h/2], [-wxx2xh/2, 111))

=}
H
|

= np.zeros((len(t), 2))
= np.zeros((len(t), 2))
np.zeros((len(t), 2))

# do integrations
s_e[0, :1 = s0.T
s_i[0, :]1 = s0.T
s_t[0, :] = s0.T

for j in range(0, len(t)-1):
s_el[j+1, :] = np.dot(m_e,s_el[j, :1)
s_il[j+1, :] = np.dot(m_i,s_il[j, :1)
s_t[j+1, :] = np.dot(m_t,s_t[j, :1)
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3.5. Numerical Error and Instability

plt.figure(figsize = (12, 8))
plt.plot(t,s_el[:,0],'b-")
plt.plot(t,s_il[:,0],'g:")
plt.plot(t,s_t[:,0], 'r--")
plt.plot(t, np.cos(w*t), 'k')
plt.ylim([-3, 3])
plt.xlabel('t')
plt.ylabel(r'$\varphi(t)$')
plt.legend(['Explicit', 'Implicit', \
'Trapezoidal', 'Exact'])

plt.show()
3
— Explicit
----- Implicit
—-==- Trapezoida
—— Exact
2 =
1.
C -
S L Y - A\ S
_1.
_2 4
-3 T T T T T T

Figure 3.4.: Comparison of the numerical solutions for the angle of deflection () of the pendulum with the explicit,
implicit, and trapezoidal rules.

Figure 3.4 shows the angle ¢ over the time ¢. The exact solution is a pure cosine wave. The explicit Euler method is clearly
unstable. The solution of the implicit Euler method decays exponentially, which is not correct. The trapezoidal rule captures
the solution correctly, although with a small phase shift that increases with time. Figure 3.5 shows the angular velocity
@(t) of the pendulum.

# define step size

h=20.1

# define numerical grid

t = np.arange(0, 5.1, h)

# oscillation freq. of pendulum
w =4

s0 = np.array([[1], [0]]1)

=]
®
I

np.array([[1, h],
[-wx*2xh, 1]11)

m_i = inv(np.array([[1, -h],

[wx*2xh, 111))
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3. Numerical Integration of a Differential Equation

m_t = np.dot(inv(np.array([[1, -h/2],
[w*2*h/2,11])), np.array(

= np.zeros((len(t), 2))
= np.zeros((len(t), 2))

s_t = np.zeros((len(t), 2))
s_el[0, :1 = s0.T
s_i[0, :] = s0.T

s_t[0, :1 = s0.T

for j in range(0, len(t)-1):
s_el[j+1, :] = np.dot(m_e,s_el[j, :1)
s_il[j+1, :] = np.dot(m_i,s_il[j, :1)
s_tl[j+1, :] = np.dot(m_t,s_t[j, :1)

plt.figure(figsize = (12, 8))
plt.plot(t,s_el[:,1],'b-")
plt.plot(t,s_il:,11,'g:")
plt.plot(t,s_t[:,1],'r—-")
plt.plot(t, -w*np.sin(w*t), 'k')
plt.ylim([-4*np.pi, 4*np.pil)
plt.xlabel('t"')
plt.ylabel(r'$\dot{\varphi}(t)$")
plt.legend(['Explicit', 'Implicit', \
'Trapezoidal', 'Exact'])

plt.show()
— Explicit
----- Implicit
104 —-—- Trapezoidal
—— Exact
5 .
=
5 O
_5 4
_10 4

Figure 3.5.: Comparison of the numerical solutions for the angular velocity ¢(t) of the pendulum with the explicit, implicit,
and trapezoidal rules.
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3.6. Runge-Kutta Methods

3.6. Runge-Kutta Methods

Runge-Kutta (RK) methods are among the most widely used methods for solving ODEs. They estimate the slope of the
solution given by the ODE at several points within one time step. These estimates yield the next value without an explicit
correction phase.

3.6.1. The Midpoint Method

More sophisticated methods achieve a higher order and thus more accuracy. One possibility is additional function evaluations,
as the midpoint method in Definition 3.6 shows.

Definition 3.6 (The Midpoint Method). The midpoint method computes the next point in each case according to the iteration
rule

1 1
Y1 = Yp + IS (3% + ihvyk + ihf(mk,yk;)> ~ O

The midpoint method improves on the explicit Euler method by evaluating the slope not only at the starting point but also at
the middle of the interval. In its first step, it uses the slope at the starting point to predict the solution value halfway between
Ty and Ty q:

h h
v (2t 3) = v + 3 o)
The slope at this point then determines the value at the end of the interval:

V(wpn) =yl + b (a0 + Ly (w0 + g)) .

Example 3.4 (Midpoint Method). For the initial value problem
Y =flay)=y+er, y(0)=1,

with the exact solution y(z) = (z + 1)e”, the midpoint method with step size h = 0.1 can be carried out using the
computational scheme in Table 3.4.

Table 3.4.: Computational scheme for the midpoint method

k x y yr =y + 5 f(z,y) Ay=hx f(z+5§,ys)
0 T Yo y%p:yo-i-% X f(2q,Y) AyO:th(mo—i-%,y%,o)
1 T =y =y + Ay yn 1 =y + 5 % f(zy,) Ayy = hx flzy+ 5y ,)
To+
h
2 Ty = Yo=Yy +Ay y%,2:y2+%><f(372ayz) AyQZth($2+%,yg,2>
xq +
h
n z, = yn = ynfl + Aynfl
g+
nh

An implementation of the midpoint method for Example 3.4 in Python reads:

import numpy as np
ydot = lambda x, y: y + np.exp(x)
h=20.1

h2 = h/2
x = np.arange(0, 1 + h, h)
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3. Numerical Integration of a Differential Equation

yO = 1 # <nitial value
n = len(x) # number of steps

# Midpoint method
y = np.zeros(n)
y2 = np.zeros(n)
y[0] = yO
for k in range(0, n - 1):
y2[k] = y[k] + h2 * ydot(x[k]l, yl[k])
ylk + 1] = y[k] + h * ydot(x[k] + h2, y2[k])
print(f" k: {k:<2} x: {x[k]:<56.1f} y: {y[k]:<56.8f} y2: {y2[k]:<5.8f} h*f: {h*ydot(x[k] + h2, y2[k])
k=n-1
print(f" k: {k:<2} x: {x[k]:<6.1f} y: {y[k]l:<56.8f} y2: {y2[k]:<5.8f} h*f: {h*ydot(x[k] + h2, y2[k]):<5.

k: 0 x: 0.0 y: 1.00000000 y2: 1.10000000 h*f: 0.21512711
k: 1 x: 0.1 y: 1.21512711 y2: 1.33114201 hx*f: 0.24929763
k: 2 x: 0.2 y: 1.46442474 y2: 1.59871611 hxf: 0.28827415
k: 3 x: 0.3 y: 1.75269889 y2: 1.90782677 h*f: 0.33268943
k: 4 x: 0.4 y: 2.08538832 y2: 2.26424897 hxf: 0.38325612
k: 5 x: 0.5 y: 2.46864444 y2: 2.67451272 hxf: 0.44077657
k: 6 x: 0.6 y: 2.90942101 y2: 3.14599800 h*f: 0.50615388
k: 7 x: 0.7 y: 3.41557489 y2: 3.68704127 h*f: 0.58040413
k: 8 x: 0.8 y: 3.99597902 y2: 4.30705502 h*f: 0.66467019
k: 9 x: 0.9 y: 4.66064921 y2: 5.01666182 h*f: 0.76023715
k: 10 x: 1.0 y: 5.42088636 y2: 0.00000000 h*f: 0.28576511

import matplotlib.pyplot as plt

Jmatplotlib inline

plt.figure(figsize = (9, 6))

plt.plot(x, y, 'bo--', label='Approximation')
plt.plot(x, (x+1)#*np.exp(x), 'g', label='Exact')
plt.xlabel('x"')

plt.ylabel('y(x)")

plt.grid()

plt.legend(loc='lower right')

plt.show()

64



3.6. Runge-Kutta Methods

5 -
4 -
X
>
3 -
2 .
-@- Approximation
1 - —— Exact
0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 3.6.: Approximate solution of the differential equation 3y’ = y + e® with the midpoint method. Step size h = 0.1.
The midpoint method belongs to the family of Runge-Kutta methods; it is a second-order Runge-Kutta method.

3.6.2. Derivation of the Runge-Kutta Methods

Euler’s method approximates the state S with the first two terms of the Taylor series, that is, linearly:

S(tppr) = St +h) =S(t,) +h-S'(t).
Further terms of the Taylor series improve the accuracy of the numerical integration considerably:

1 1
S(tyy1) = Sty +h) = S(ty) + S (tp)h + 55”(%)}12 + ot ﬁs(n)(tk)hn- (3.5)

This would require deriving the expressions for S” (t;,), S” (t.,), ..., S"™(t;,). The RK methods avoid this additional work.
They are based on truncated Taylor series but do not require higher derivatives.

3.6.2.1. Second-Order Runge-Kutta Method

We derive the second-order Runge-Kutta method. Let

dS(#)

BT f(t,5(¢). (3.6)

We assume an integration formula of the form
S(t+h)=St) + St S+ f(t+mh, SE) +nhf(t,S(1)))h 3.7)

that requires no derivatives of S(t) beyond first order. Derivatives of second and higher order arise from combinations of
f(t,S(t)) and f(t+nyh, S(t) +nyhf(t,S(t))). We determine the parameters v, , Yo, 7)1 , 7)o by comparing Equation 3.7
with the second-order Taylor series.
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3. Numerical Integration of a Differential Equation

Proposition 3.1 (Order Conditions of the Second-Order Runge-Kutta Ansatz). For every right-hand side f, the integration
formula Equation 3.7 agrees with the Taylor series Equation 3.5 up to terms of order h3 if and only if

1 1
Nntr=L mmn= 5 =5 (3.8)
O
Proof. The second-order Taylor series reads
1 1
S(t+h)=S@t)+ S (t)h+ 5S”(t)h2 =S(t)+ f(t,S(t)h+ 5f/(t, S(t))h?. (3.9)
Because of Equation 3.6, the time derivative of f is
of ofds of Of
"tSH))=—=—+-—=—=—+—=1.
FOSO) =5+t o5a ~ ot *as
Hence Equation 3.9 can be written as
1,0f Of
St+h) =S+ fht o (S0 + Sof )2, 3.10
() =S+t 55 T as G-10)
We expand the last term in Equation 3.7 with the Taylor series in several variables:
af af
fE+mh,S+nhf) ~ f+ 5771h+772h$f-
Hence Equation 3.7 becomes
of ., of ..,
S(t+h) =5+ (n +7)fh+ (v2m) 5 h* + (vamp) 55 f1°. (3.1D)
Comparing the coefficients of Equation 3.10 and Equation 3.11 yields Equation 3.8. O

Since Equation 3.8 has four unknowns and only three equations, we can choose one parameter freely and determine the
remaining ones from it. A popular choice is

1 1
'71257 72:§a 771:17 772:]"

Definition 3.7 (Second-Order Runge-Kutta Method). With parameters ~yy, v, 7;, 7)o that satisfy Equation 3.8 and the
increments

kl = hf(tkﬂ S(tk))v

ky = hf (& + mh, S(ty) + noky)
the second-order Runge-Kutta method computes the next state as

S(tprr) = S(ty) +1iky + v2ks.

Fory; = v, = 2 and ny = n, = 1, this gives S(t; 1) ~ S(t;,) + 1 (ky + ky). O

3.6.2.2. Runge-Kutta Method of Order 4

A classical method for integrating ODEs with high accuracy is the fourth-order Runge-Kutta method (RK4). It can be
derived from the Taylor series similarly to Section 3.6.2.1. Here we motivate it geometrically, see Figure 3.7.

Starting from the initial point P, we move along a straight line g with the mean slope 5 to the end of the interval x; = zy+h.
The ordinate y, of the end point P, reached in this way is an approximation of the sought solution y(; ). The mean slope
is determined from four slope values, one at each of the two boundary points of the interval and two at the middle of the
interval. The values at the middle of the interval enter the mean slope s with a larger weight.

@ Summary: Runge-Kutta Method of Order 4

1. From P, with slope s; by h/2 to ); determine the slope s, there.
2. From P, with slope s, by h/2 to R; determine the slope s there.
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y(x)

Y1

3.6. Runge-Kutta Methods

y(x1)

v

Figure 3.7.: Geometric interpretation of one step of the Runge-Kutta method of order 4 (computed for vy’ = 2xy, P, =
(0.3, 0.5), h = 1). From the initial point P, straight lines with the slopes s; (line element a), s, and s lead
to the auxiliary points () and R at x, + h/2 and S at x; = x;, + h. The line elements b, ¢, d at (), R, S have
the slopes s,, s3, 5,. The straight line g with the mean slope 5 = %(51 + 255 + 255 + s,) leads to the end
point P, whose ordinate y; approximates the exact solution y(xz, ). Adapted from Papula (2015).
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3. Numerical Integration of a Differential Equation

3. From P, with slope s3 by h to S; determine the slope s, there.
4. From P, with the mean slope 5 = §(s; + 25, + 253 + s4) by hto P;.

Papula (2015) computes with the increments k; = h s, instead of the slopes s,.

The first slope s; = f(z, yy) is the slope of the tangent to the solution curve at the initial point P (line element a). Along
this tangent we move from P to the middle of the interval and reach the point () with the coordinates

h 1 k
xQ:x0+§ and yQ=y0+§h><f(xO,yO):y0+?1, ki =hx f(zq,)-

The solution curve through () has the line element b there with the slope

h k
32:f<330+§7y0+§1>~

Parallel to the line element b, we again move from F,, to the middle of the interval and reach the point R with the
coordinates

h 1 k
mR:x0+§ and yR:y0+§hxs2:y0+?2, ky = h X 5.

The solution curve through R has the line element c there with the slope

h k,
33—f<$o+§,yo+§>-

Parallel to the line element ¢, we move from P to the end of the interval and reach the point S with the coordinates
Tg=x9+h and Yg =Yg + h X 553 =y + k3, ks = h X s5.
The solution curve through S has the line element d there with the slope
sy = fzg + hyyo + k3).

The slope of the straight line g from the initial point F, to the end point P, is the weighted average of the four slope
values:

_ 1
s = 6(81 + 259 + 255 + 54).

Definition 3.8 (Runge-Kutta Method of Order 4). Let a first-order ODE

y' = f(z,y)

be given with the initial point P, = (z,y,), the step size h = (x,, — z()/n, and the nodes z; = x;_; + h. The
Runge-Kutta method of order 4 computes the approximations y,; ~ y(x;) according to the rule

ky=hf(r,1,9;1)
h k
ky =hf (%’71 + Y1t *1) )

2 2
h k
ky = hf (%—1 + 5 Vi1 + §2> ) 0

ky=nhf(x, 1y +h,y, 4+ ks),

1
yi - yi,1 + g(kl + 2k2 + 2k3 + k4)

Unlike Euler’s polygon method, the RK4 method uses a mean slope value s for the slope of the substitute straight line. It
takes into account the slope behavior of the solution curve at the two boundary points and at the middle of the interval with
different weights. The polygon method, in contrast, uses only the slope s; = f(z, y,) at the initial point P,,.
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4. Differential Equations in Python

Simple ODEs can be solved analytically, but nonlinear ODEs in general cannot. For them we need numerical methods. In
this chapter we program general numerical solvers that can be applied to any ODE. We first consider scalar ODEs, i.e.,
ODEs with a single equation and a single unknown. In Section 4.5 we extend the ideas to systems of coupled ODE:s.

This chapter is based on Sundnes (2023) and Kong et al. (2020). Table 4.1 summarizes the symbols used.

Table 4.1.: Symbols in Chapter 04

Symbol Meaning Type Defined in

b Damping constant of the Constant Equation 2.10
mass-spring oscillator;
locally the drag coefficient
in the falling-body model of

Equation 4.2
c Spring constant Constant Theorem 2.7
d Differential (dx, j—i) Operator Example 2.1
e Euler’s number Constant Example 2.1
f Function; right-hand side of  Function Equation 4.1
the ODE y' = f(z,y) or
u = f (ta U)
) Component i of the Function Definition 4.1
vector-valued right-hand
side f
g Gravitational acceleration Constant Equation 2.29
1 Running index (component, Index Definition 4.1

row, eigenvalue number,
spring number)
k Running index Index Equation 4.4
(timef/iteration step, mode,
eigenvalue number)

l Length of the simple Constant Equation 2.29
pendulum

m Mass Constant Theorem 2.6

n Order of an ODE; Index Equation 4.4

dimension of a matrix or
system; number of steps

t Time Scalar Equation 4.1

ty k-th time point of the grid;  Scalar Equation 4.4
t( initial time, ¢ final time

{7 Unknown solution u(t) of Function/Vector Equation 4.1

the ODE v’ = f(¢,u);
uy, ~ u(t)) approximation
in step k; u'*) component ¢

Ug Initial value u(t) Scalar/Vector Equation 4.3

Upnax Carrying capacity in the Constant Equation 4.5
logistic growth model

v Velocity, v = Z; vy initial Scalar Theorem 2.7
velocity

z(t) Displacement from the rest ~ Function Theorem 2.7

position; x,; displacement of
mass %; & initial
displacement
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Symbol

Meaning

Type

Defined in

(t), y(t)

Y151 Yn

At

v,y ym

Components of S (local to
Exercise 4.3)

Components of the state
vector .S in the reduction of
order (y; =Y, Y5 =Y, -..)
or of the solution vector y of
a system

Constant of integration;

Cy, ..., C,, constants of
integration or coefficients of
the general solution

State vector S(t); S, its i-th
component, SO initial state
Time step (At = h with ¢
as the independent variable)
Eigenvalue or root of the
characteristic equation
(exponent in the ansatz eM);
here the growth rate in

u = du

The number pi (italic,
KaTeX exception)

Phase angle (initial phase
angle) of an oscillation; ¢4
of the damped oscillation;
©(w) phase response

Angle of deflection of the
simple pendulum; ¢, initial
deflection

Natural angular frequency
of the undamped
single-mass oscillator,

wy = y/¢/m (simple
pendulum: \/T/I)

First and second derivative
with respect to time ¢ (¢:
angular velocity of the
simple pendulum)

First, second, n-th
derivative with respect to
the independent variable

Function

Function

Constant

Vector

Scalar

Scalar

Constant

Scalar

Function

Constant

Operator

Operator

Exercise 4.3

Theorem 2.14

Example 2.1

Theorem 2.14

Equation 4.4

Equation 4.2

Equation 2.6

Equation 2.29

Equation 2.8

Theorem 2.7

Example 2.1

The phase angle ¢ (a constant) and the pendulum angle o(t) (always written as a function of time) are both angles and
share the letter. The superscript component index in u'? and f () js not a derivative index.

1 Software

The Python files pendulum.py and forward_euler_class_v1.py are required to run the program code in this
chapter. These files can be downloaded from the project repository.

4.1. Creating a General ODE Solver

Analytical solution methods typically consider a specific ODE or a class of ODEs and derive a formula for the solution. In
contrast, we want to implement numerical solvers that can be applied to any ODE and are not restricted to a single example
or a particular class of equations. For this purpose we need a general notation for an arbitrary ODE. We write it in the

form
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u'(t) = f(t,u(t)). 4.1
The ODE is thus completely specified by the right-hand side function f(t, ). Examples are

flt,u) = du (exponential growth),

flt,u) =M (1 — u) (logistic growth), 4.2)
umax

flt,u) = =blujlu+g (falling body in a fluid)

with the growth rate A, the carrying capacity u,,,,, the drag coefficient b (in this falling-body model only), and the
gravitational acceleration g.

For generality we write all right-hand sides as functions of ¢ and u, although the examples depend only on w. Mathematically
this is not necessary. For programming, however, it is very convenient, because the same solver then works for a wide range
of ODE models. Our goal is to write functions and classes that take f as input, solve the corresponding ODE, and return u
as output.

For Equation 4.1 to have a unique solution, we must specify the initial condition, i.e., the value of the solution at time
t = t,. The resulting problem

w'(t) = [t ult)),
u(ty) = ug
is called an initial value problem. This is where the SciPy function solve_ivp gets its name. All problems in this chapter
are initial value problems.

(4.3)

Example 4.1 (Initial Value Problem for v/ = ). The ODE u’ = u has the general solution u = C'e¢! with an arbitrary

constant C, i.e., infinitely many solutions. The initial condition u(0) = u, gives C' = u,, and thus the unique solution
t

U = Uge’. O

When solving numerically, too, we must specify u in order to start the method at all.

4.2. A Simple and General Solver: The Forward Euler Method

A numerical method for Equation 4.1 is obtained by approximating the derivative in u” = f(¢, u) by a finite difference. To
this end, we assume that v has already been computed at discrete time points £, ¢, ... , t,. At time ¢;, the ODE reads

u'(ty,) = fty, ulty)),

and we approximate u’(t,,) by the forward difference

u(tyyq) — ulty)

w(ty) > B

with the time step At. Inserting this into the ODE at time ¢ = ¢, gives

W = f(tg, u(ty)),

and rearranging yields the explicit formula

u(tyy 1) = u(ty) + At f(ty, ulty)).

This method is called the forward Euler method (FE) or the explicit Euler method. It was already introduced in Definition 3.1.
It is called forward or explicit because the update formula for u(t,,_ ;) involves only known quantities at time ¢;,. In an
implicit solver, by contrast, the update formula contains terms of the form f (¢, ;,u(t;,)). A generally nonlinear equation
for the unknown u(¢,,, ;) must then be solved in every step.
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With the notation u;, &~ u(t,,) for the numerical approximation of the exact solution u(t) at time ¢ = ¢, the update formula
reads

U1 :uk+Atf<tk7uk)a k:zO,l,...,n—l, “4.4)

for n time steps. Starting from w,, at time ¢, it successively yields u;, u5, t3, and so on. For the ODE u" = u we obtain

uyp = ug + At uy,
Uy = Uy + Atuy,

’U/3ZUQ+....

In a Python program, this repeated application of the same formula can conveniently be implemented in a for loop. The
solution is stored in a list or a NumPy array.

In the code, the final time ¢ is called T, the number of steps 7 is N, and the step index k is n. For a given final time ¢ ¢ and
number of steps n, we carry out the following steps:

1. Create arrays t and u of length n 4 1

2. Set the initial condition: u[0] = ug, t[0] =0
3. Compute the time step At (dt) = t;/n

4. Fork=0,1,2,...,n—1:

e t[n+1] = t[n] + dt
e uln+1] (1 + dt)*uln]

A complete Python implementation of this algorithm could look as follows:

Jmatplotlib inline

import numpy as np
import matplotlib.pyplot as plt

# Solution for N=20

N20 = 20

T=4

dt20 = T/N20

uo =1

t20 = np.zeros(N20+1)
u20 = np.zeros(N20+1)
u20[0] = u0

for n in range(N20):
t20[n+1] = t20[n] + dt20
u20[n+1] = (1 + dt20)*u20[n]

# Solution for N=10
N10 = 10
dt10 = T/N10

t10 = np.zeros(N10+1)
ul0 = np.zeros(N10+1)

ul0[0] = u0

for n in range(N10):
t10[n+1] = t10[n] + dt10
ul0[n+1] = (1 + dt10)*ull[n]

# Ezxact solution

t_exact = np.linspace(0, T, 100) # 100 points for a smooth curve
u_exact = np.exp(t_exact)
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plt.plot(t20, u20, label='$n=20$', linestyle=':"')
plt.plot(t10, ul0, label='$n=10$', linestyle='--"')
plt.plot(t_exact, u_exact, label='Exact')
plt.xlabel('t')

plt.ylabel('u(t)')

plt.legend()

plt.title('Solution of $u\' = u, u(0) = 1$")
plt.show()

Solution of v’ =u,u(0) =1

Figure 4.1.: Solution of ©’ = w, u(0) = 1 with At = 0.4 (n = 10) and At = 0.2 (n = 20).

If t is created with np.zeros, t[0] = 0 need not be set explicitly. Setting u[0], however, is essential: forgetting the line
u[0] = u0 is a very common error when programming ODE solvers. Figure 4.1 shows the solution for two time steps At.
A smaller At improves the approximation, although both solutions are quite inaccurate. With an even smaller time step, the
approximation becomes indistinguishable from the exact solution.

4.3. Extending the Solver to General ODEs

As mentioned in Section 4.1, we want to create general solvers that solve any ODE of the form v’ = f (¢, u). This requires
only a small change to the algorithm above:

1. Create arrays t and u of length n + 1
2. Set the initial condition: u[0] = uy, t[0]1 =0
3. Fork=0,1,2,...,n— 1:

e t[n+1] = t[n] + 4t
e u[n+1] = uln] + dtxf(t[n], ulnl)

Only the formula that computes u[n+1] from u[n] has changed. In the previous case we had f(¢,u) = u. For a general
solver we replace u[n] by the more general f (t[n],uln]). The following Python function implements this generic
version of the forward Euler method:

def forward_euler(f, u0, T, N):
"tiSolve u'=f(t,u), u(0)=u0, with n steps unttl t=T."""
import numpy as np
t = np.zeros(N+1)
u = np.zeros(N+1) # w/n] is the solution at time t[n]
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ul[0] = u0
dt = T/N

for n in range(N):
t[n+1] = t[n] + dt
u[n+1] = uln] + dt*f(t[n], ulnl)

return t, u

This simple function solves any ODE of the form Equation 4.1. The right-hand side function f (¢, u) is implemented as a
Python function and passed to forward_euler together with the initial condition u0, the final time T, and the number of
time steps N. From the last two arguments the function computes the time step dt.

To illustrate this, we solve the same problem as above, v’ = u, u(0) = 1, for t € [0, 3]. The following code uses the
function forward_euler for this purpose:

def f(t, u):
return u
u0 = 1
T =23
N = 30
t, u = forward_euler(f, u0, T, N)

The function forward_euler returns the two arrays u and t, which we can then plot or process further.

The definition of the right-hand side function f is important. It is always written with the two arguments t and u, even if, as
here, only u is used. The solver is meant to work for all ODEs of the form u’ = f(¢, ) and therefore calls the function as
f£(t[n], ulnl). If the right-hand side function were defined as a function of u only, i.e., with def £ (u) :, this call would
fail with an error message. The remedy is simple: write def £ (t,u) :, even if t never appears inside the function.

For just 15 lines of Python code, forward_euler is remarkably capable. The function solves any linear or nonlinear ODE,
including those that cannot be solved analytically. The procedure is always the same: identify f(¢,u) in the ODE, specify
the initial condition u,,, implement f (t, u) as a Python function £ (t, u), choose the number of time steps N, callt, u =
forward_euler(f, u0, T, N),and plot the solution.

The forward Euler method is the simplest of all ODE solvers. For challenging ODEs there are more accurate and more
stable methods. For most ODE:s it is nevertheless well suited: if the accuracy is insufficient, one reduces the time step and
thereby usually obtains the required accuracy at a negligible increase in computing time.

4.4. The ODE Solver as a Python Class

Implementing the function forward_euler as a Python class makes the solver more flexible. There are many ways to do
this. Its use could look like this:

method = ForwardEuler_vO(f)
method.set_initial_condition(u0)

t, u = method.solve(t_span=(0,10),N=100)
plot(t, u)

The advantages of a class over a function only become apparent once we introduce different solvers. First, we look at what
such a solver class needs for the use case above. A constructor (__init__) takes the right-hand side function £ as its only
argument and stores it as an attribute. The method set_initial_condition takes the initial condition and stores it. The
method solve receives the time interval t_span and the number of time steps N, implements the for loop, and returns the
solution, similar to the function forward_euler. The time step At and the sequences £, u;, must be initialized in one of
the methods and can be stored as attributes. Since the time interval and the number of steps are arguments of solve, this is
most naturally done there.

In addition, it is convenient to implement advancing the solution by one step as a separate method advance. A new
numerical method then typically requires changing only advance. A first version of the solver class could look like this:
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import numpy as np

class ForwardEuler_vO:
def __init__(self, f):
self.f = £

def set_initial_condition(self,u0):
self.u0 = u0

def solve(self,t_span,N):
"""Compute solution for
t_span[0] <= t <= t_span[1],
using N steps. """

t0,T = t_span

self.dt = T/N

self.t = np.zeros(N+1)

self.u = np.zeros(N+1)

self.t[0]
self.ul0]

t0
self.u0

for n in range(N):
self.n = n
self.t[n+1] = self.t[n] + self.dt
self.u[n+1] self.advance()
return self.t, self.u

def advance(self):
"""Advance the solution one time step.
u, dt, £, n, t = self.u, self.dt, self.f, self.n, self.t

mimn

unew = ul[n] + dt*xf(t[n],uln])
return unew

This class performs essentially the same tasks as the function forward_euler. Its main advantage is the flexibility provided
by the method advance: for a different numerical method, a new version of advance typically suffices, and the remaining
code stays unchanged.

A class is also suitable for the right-hand side f(¢, u), particularly when it contains parameters. An example is the model
for logistic growth

u'(t) = Au(t) ( — Z<t>> . u(0) =uy, te€]0,40]. 4.5)

It describes the self-limiting growth of a biological population, i.e., growth under limited resources. Initially the population
grows approximately exponentially with the growth rate A. As the population size approaches the carrying capacity u
the curve flattens out (Figure 4.2). In the code, A is called alpha and u,. is R.

max?

max

The right-hand side contains the two parameters A and u,,,,. For our FE function or class, however, it must be implemented
as a function of ¢ and u alone. A convenient approach is a class with a call method: the parameters are set as attributes in
the constructor and used in the method __call__:

class Logistic:
def __init__(self, alpha, R, u0):
self.alpha = alpha
self.R = R
self.u0 = ul

def __call__(self, t, u): # f(t,u)
return self.alpha*u*(l - u/self.R)

The main program for logistic growth could look like this:
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problem = Logistic(alpha=0.2, R=1.0, u0=0.1)
solver = ForwardEuler_vO(problem)
solver.set_initial_condition(problem.u0)

T = 40
t, u = solver.solve(t_span=(0,T),N=400)

import matplotlib.pyplot as plt

plt.figure(figsize=(10, 6))

plt.plot(t, u, label='u(t)")
plt.title('Solution of the logistic equation')
plt.xlabel('Time (t)')

plt.ylabel('u(t)')

plt.legend()

plt.grid(True)

plt.show()

Solution of the logistic equation

1.0 4+ — u(t)

0.8 A

0.6 -

0.4

0.2

0 5 10 15 20 25 30 35 40
Time (t)

Figure 4.2.: Solution of the logistic growth model.

4.5. ODE Systems

So far our ODEs have had a single solution component. They are called scalar ODEs. Many interesting processes are
described by systems of ODEs, i.e., by several ODEs in which the right-hand side of one equation depends on the solution
of the others. Such systems are also called vector ODE:s.

Example 4.2 (System with a Cosine Solution). The system

v =v  u(0)=1,
v =—u, v(0)=0,

has the solution u = cost, v = — sint. Inserting it into the equations and the initial conditions confirms this. O
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General ODE systems are usually even harder to solve analytically than scalar ODEs, so numerical methods are needed. In
this section we extend the Python programs from Section 4.1 to Section 4.4 to systems of ODEs. Relatively small changes
to the code suffice.

The programs should be applicable to any vector ODE and any scalar ODE. To this end, we introduce a general notation.

Definition 4.1 (Vector Form of an ODE System). A system of n ODEs for the n unknowns (%) (), u™") (¢), ..., u*~ 1 (¢)
has the form

0 = O (f 4O 1) yn-1)y,
at
D) = {0 (g, 0 1 -1,
at
d (1) _ pa-1) (g ,(0) (1) (n—1)
&u =f (t,u® V) ).

With the solution vector v = (u(®), 4", ... u("~1) and the vector-valued right-hand side f = (f(©, f(1), ..., f(»=1)),

the initial value problem in vector form reads

u = f(t,u), ulty) = uy, (4.6)
where v, is the vector of initial conditions. The superscript 7 = 0, ... ,n — 1 in u' and f () numbers components, not
derivatives. O

The function f has n + 1 input arguments (¢ and the n components of «) and returns a vector of n values. Equation 4.6 has
exactly the same form as Equation 4.3 for scalar ODEs. Whether a scalar ODE or a system is solved is determined solely by
f and the initial condition w. This notation is standard in textbooks on ODEs, and the Python implementation can be just
as general.

4.6. A ForwardEuler Class for Systems of ODEs

The class ForwardEuler_v0 was written for scalar ODEs. It should now work for a system v” = f, u(0) = w, in which
u, f, and u, are vectors (arrays). To see how the code must be changed, we first consider the numerical method. In the
notation of Definition 4.1, the update formula of the forward Euler method looks exactly as in the scalar case, except that all
terms are vectors:

vector vector vector

Component-wise it reads

The compact vector notation, however, is much easier to read. It also corresponds exactly to computing with NumPy arrays.
The Python code for the formula can therefore be identical to the version for scalar ODEs,

ulk+1] = ulk] + dtxf(t[k], ulk])

with the important difference that u[k] and u[k+1] are now arrays.

The solution u must therefore be a two-dimensional array whose rows are u[k], u[k+1], etc. The function f expects an

array as its second argument and returns a one-dimensional array containing all right-hand sides f O .., f (n=1),

What these arrays look like is shown by comparing the solution of a scalar ODE with that of a system of two ODE:s.

For a scalar equation, t and u are one-dimensional NumPy arrays. Indexing into u yields numbers, the solution at each time
step, for example:
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..o D

t = array([0. , 0.4, 0.8, 1.2,

u = array([1. , 1.4, 1.96, 2.744, (...)])
ul0] = 1.0

ul1] = 1.4

...

For a system of two ODEs, t is still one-dimensional. The solution array u, however, is two-dimensional, with one column
per solution component. The same indexing now yields a one-dimensional array of length two containing both solution

components at one time step:

u = array([[1.0, 0.8],
[1.4, 1.1],

[1.9, 2.71,

C...oOD

u[0] = array([1.0, 0.8])
ul1] array([1.4, 1.11)

The same notation for scalar and vector ODEs and the convenient algebra of NumPy arrays suggest that the solvers for both
cases are also very similar. Indeed, after two small changes the class ForwardEuler_vO from Section 4.4 also works for
ODE systems. First, £ (t,u) must always return an array. Second, the solver checks whether v is a single number or a list,
an array, or a tuple, and creates u as a one- or two-dimensional array accordingly. The second step is not strictly necessary,
since a two-dimensional array of size (N+1,1) would also work for scalar ODEs. A one-dimensional array, however, gives
simpler and more intuitive indexing. The remaining code from Section 4.4 then works without changes.

The extended class implementation could look as follows:

import numpy as np

class ForwardEuler:
def __init__(self, f):

self.f = lambda t,u: np.asarray(f(t,u),float)

def set_initial_condition(self,u0):
if isinstance(u0, (float,int)): #scalar ODE

self.neq = 1

u0 = float(u0)
else:

u0 = np.asarray(u0)

self.neq = u0.size
self.u0 = u0

def solve(self,t_span,N):
"""Compute solution for
t_span[0] <= t <= t_span[1],
using N steps. """
t0,T = t_span
self.dt = (T-t0)/N
self.t = np.zeros(N+1)
if self.neq ==

self.u = np.zeros(N+1)

else:

#number of egqs.

self.u = np.zeros((N+1,self.neq))

self.t[0] t0
self.u[0] = self.u0
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for n in range(N):
self.n =n
self.t[n+1] self.t[n] + self.dt
self.ul[n+1] self.advance()
return self.t, self.u

def advance(self):
"""Advance the solution one time step.
u, dt, f, n, t = self.u, self.dt, self.f, self.n, self.t

nimn

unew = ul[n] + dt*xf(t[n],uln])
return unew

Some parts of this code deserve a comment. The constructor looks almost the same as in the scalar case. However, it uses
a lambda function and np.asarray to convert any f that returns a list or a tuple into a function that returns a NumPy
array. If f already returns an array, np.asarray passes it through unchanged. This change is not strictly necessary,
since one could require the user to return an array. It makes the class more robust and flexible, though. The method
set_initial_condition checks whether u0 is a single number (f1loat) or a NumPy array and stores the number of
equations in the attribute self .neq. Finally, the method solve checks self .neq and creates u as a one- or two-dimensional
array of the appropriate size.

The for loop and the method advance are identical to the previous version of the class.

Example 4.3 (ODE Model for a Simple Pendulum). To demonstrate the extended class ForwardEuler, we consider a
system of ODEs for the motion of a simple pendulum. This nonlinear system is a classical physical problem and, despite its
simplicity, has no exact analytical solution. We formulate it with two variables, the angle of deflection ¢ (t) and the angular
velocity ¢(t) (Figure 4.3). For a pendulum without friction, we have

d . @7
dtwi% .

d. g
aap =7 sin(¢p) (4.8)

with the pendulum length [ and the gravitational acceleration g. Equation 4.7 follows directly from the definition of the
angular velocity. Equation 4.8 follows from Newton’s second law: the left-hand side is the angular acceleration ¢, the
right-hand side the tangential component of the weight, divided by the mass and the length of the pendulum. To solve the
system, we need initial conditions for both unknowns, i.e., the initial deflection and angular velocity of the pendulum.

The right-hand side of Equation 4.7 and Equation 4.8 contains the parameters [ and g. As for the logistic growth model, we
therefore implement it as a class. In the code, ¢ is called theta, ¢ is omega, and [ is L. A possible implementation:

from math import sin

class Pendulum:
def __init__(self, L, g = 9.81):
self.L = L
self.g = g

def __call__(self, t, u):
theta, omega = u
dtheta = omega
domega = -self.g/self.L * sin(theta)
return [dtheta, domegal

The function returns a list. The constructor of the solver class automatically wraps it into a function that returns an array.

The main program differs from the previous examples only in the initial condition with two components. The code for the
simple pendulum could look like this:
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Figure 4.3.: Simple pendulum of length [ with mass m, deflected by the angle ¢ from the rest position (dashed). The
curved arrow shows the angular velocity ¢ = dy/dt along the circular path. The weight m g has the tangential
component m g sin ¢, which drives the pendulum back toward the rest position and leads to ¢ = —(g/1) sin ¢.
Adapted from Sundnes (2023).

import matplotlib.pyplot as plt

problem = Pendulum(L=1)

solver = ForwardEuler(problem)

thetaO, omegal = np.pi/4, O
solver.set_initial_condition((thetaO,omega0))
T =10

N = 1000

t, u = solver.solve(t_span=(0,T),N=N)

plt.plot(t,ul:,0],label=r'$\varphi$')
plt.plot(t,ul:,1],label=r'$\dot{\varphi}$"')
plt.legend ()

plt.show()

3__(P
— ¢

Figure 4.4.: Solution of the simple pendulum problem, computed with the forward Euler method.
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Since u is a two-dimensional array, we extract the individual components by array slicing. In this example, p1t.plot (t,u)
would also work and plot both solution components. If only selected components are to be plotted, however, slicing is
required.

Figure 4.4 shows the result. The labels use Python’s raw string format, indicated by the r in front of the string. Raw strings
treat the backslash (\) as a regular character and are therefore convenient for mathematical symbols in LaTeX notation.

The amplitude of the pendulum motion appears to increase with time, which is not physically correct. For the undamped
pendulum according to Equation 4.7 and Equation 4.8, energy is conserved, so the amplitude should be constant. The
increasing amplitude is a numerical artifact of the forward Euler method. A smaller time step or a different numerical
method improves the solution. O

4.7. Using ODE Solvers from SciPy

There are numerous ready-made ODE solvers, so implementing our own may seem unnecessary. It is often very useful,
however, to know how the solvers we apply work. The best way to learn this is to implement them ourselves.

If, on the other hand, a given ODE model is to be solved as efficiently as possible, several existing solvers are available. For
Python programmers, the obvious choice is the solvers from SciPy, which have evolved into a robust and fairly efficient
collection. SciPy is an extensive collection of scientific software in Python, with tools for linear algebra, optimization,
integration, and other common tasks in scientific computing.

For initial value problems, the function solve_ivp from the module integrate is the tool of choice. The following code
uses it to solve the pendulum problem of Equation 4.7 and Equation 4.8 with the class Pendulum, which is stored in the
separate file pendulum.py.

from scipy.integrate import solve_ivp
import numpy as np

import matplotlib.pyplot as plt

from pendulum import Pendulum

problem = Pendulum(L=1)
t_span = (0,10.0)
u0 = (np.pi/4, 0)

solution = solve_ivp(problem, t_span, u0)

plt.plot(solution.t, solution.y[0,:])
plt.plot(solution.t, solution.y[1,:])
plt.legend([r'$\varphi$',r'$\dot{\varphi}t$'])
plt.show()
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Figure 4.5.: Solution of the simple pendulum problem, computed with the SciPy function solve_ivp and the default
tolerance.

Figure 4.5 shows the result. The solution looks far less smooth than that of the ForwardEuler solver.

The reason for this apparent error is that solve_ivp is an adaptive solver that chooses the time step automatically so that a
given error tolerance is met. The default tolerance is relatively large. The solver therefore uses very few time steps, and the
curves look jagged.

A comparison with the exact solution shows that the solution at the time points ¢,, is quite accurate. Only the linear
interpolation between these time points spoils the picture. A smoother plot can be obtained in several ways.

For example, we pass the additional argument t_eval, a NumPy array containing the time points at which the solution is to
be evaluated:

t_eval = np.linspace(0,10.0,1001)
solution = solve_ivp(problem, t_span, u0,t_eval=t_eval)

Alternatively, we reduce the error tolerance of the solver, for example as follows:

rtol = le-6
solution = solve_ivp(problem, t_span, uO,rtol=rtol)

This call reduces the relative tolerance rtol from its default value 1e-3 (0.001). The absolute tolerance can be adjusted
with the parameter atol.

Of the many arguments and options of solve_ivp, we mention only the parameter method, which selects the numerical
method. A call like

rtol = le-6
solution = solve_ivp(problem, t_span, uO,method='Radau')

replaces the default solver, the explicit embedded Runge-Kutta method of order 5(4) by Dormand and Prince (RK45, in
SciPy method="'RK45"), with an implicit Radau solver.

A complete description of all parameters of solve_ivp is given in the online documentation of SciPy. Here we present
only the most important ones, which suffice for most applications.

1 Note 1: Using solve_ivp
The solver is called as
solve_ivp(fun, t_span, sO, method = 'RK45', t_eval=None)

with the arguments

» fun: right-hand side function of the system,
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* t_span: integration interval (¢, ¢ f) with the initial time ¢, and the final time ¢,
¢ s0: initial state,

* method: numerical method, RK45 by default,

* t_eval: sorted time points in t_span at which the computed solution is stored.

Example 4.4 (Using solve_ivp for " = cos(t)). Consider the ODE

ds(t)

e cos(t)

with the initial value S, = 0. The exact solution is S(t) = sin(¢). We approximate the solution of this initial value problem
on the interval [0, 7] with solve_ivp and plot the approximation and the error (the difference to the exact solution) over
time.

import matplotlib.pyplot as plt
import numpy as np
from scipy.integrate import solve_ivp

Jmatplotlib inline
F = lambda t, s: np.cos(t)

t_eval = np.arange(0, np.pi, 0.1)
sol = solve_ivp(F, [0, np.pil, [0], t_eval=t_eval)

plt.figure(figsize = (12, 4))
plt.subplot(121)

plt.plot(sol.t, sol.y[0])

plt.xlabel('t"')

plt.ylabel('S(t)')

plt.subplot(122)

plt.plot(sol.t, sol.y[0] - np.sin(sol.t))
plt.xlabel('t"')

plt.ylabel('S(t) - sin(t)')
plt.tight_layout ()

plt.show()
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t t
The left figure shows the solution of dS(¢)/dt = cos(t) computed with solve_ivp, the right figure its difference to the
analytical solution. The difference is small. The relative and absolute tolerances can be controlled with the arguments rtol

and atol. The solver keeps the local error estimates smaller than atol + rtol * abs(S). The default values are 1e-3
for rtol and 1e-6 for atol. O

4.8. Exercises

Exercise 4.1 (Using solve_ivp). Use rtol and atol to make the difference between the approximate and the exact
solution in Example 4.4 smaller than 107, O
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Exercise 4.2 (Exponential Decay with solve_ivp). Consider the ODE

with the initial value S, = 1. The exact solution of this problem is S(¢) = e . Use solve_ivp to approximate the
solution of this initial value problem on the interval [0, 1]. Plot the approximate solution against the exact solution and the
error (the difference to the exact solution) over time. O]

Exercise 4.3 (Using solve_ivp for Coupled Systems). Let the state of a system be defined by

and let the behavior of the system be defined by the ODE

Use solve_ivp to solve this ODE for the time interval [0, 10] with the initial value S, = [ 1 } . Plot the solution in
(z(),y(t)). -

Exercise 4.4 (Free Undamped Oscillation of a Spring Pendulum). Use solve_ivp to model a spring pendulum that follows
the equation of simple harmonic motion

d2x ¢

— = x
dt2 m

Here z is the displacement of the spring from the equilibrium position (in meters), m the mass at the end of the spring (in
kilograms), and c the spring constant (in newtons per meter). O

Exercise 4.5 (Damped Spring-Mass System). Consider the model of a mass-spring-damper system in one dimension shown
in Figure 4.6.

AONNNNNNNNNNN

Figure 4.6.: Mass-spring-damper system in one dimension: a block of mass m rests on a damper with damping constant b
and a spring with spring constant c, arranged in parallel between the block and the fixed ground. x denotes the
displacement of the mass from its rest position (positive upward). Adapted from Kong et al. (2020).

In Figure 4.6, m denotes the mass of the block, b the damping constant, and c the spring constant. A damper dissipates
energy by opposing the velocity with a resistance. The damped spring-mass system is a simplified model for engineering
applications such as shock absorbers and structural systems.

Acceleration, velocity, and displacement are related by the ODE

mx +bx +cxr=0
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rewritten as

The state of the system is described by the vector S = [x, v], where z is the displacement of the mass from its rest position
and v is its velocity. As a first-order ODE for the state S, the equation reads

ds
— = f(t,9).

)

Solve the system with solve_ivp. To this end, define a function my_msd(t, S, m, c, k) with the damping constant b
(c) and the spring constant ¢ (k). Here ¢ is a scalar denoting time and S is a (2, ) vector denoting the state of the system.
The parameters m, b, and c are the mass, the damping constant, and the spring constant of the oscillation equation. O

Exercise 4.6 (Simple Pendulum: Runge-Kutta Method of Order 4). The (nonlinear) ODE for the motion of a simple
pendulum reads

e g

— + =sin(p) =0,

gz T 7sin(e)
see Figure 2.21 and Equation 2.29. Here ¢ = ¢(t) is the angle of deflection of the pendulum from the vertical at time
t, g the gravitational acceleration, and [ the length of the pendulum string. The pendulum is to be deflected from its rest
position (¢(0) = 0) and set in motion with an initial angular velocity ¢(0) = 1. For the special case g = [, compute the
angle of deflection ¢(t) of the pendulum as well as the angular velocity ¢ at time ¢ = 0.1 by using a Runge-Kutta method
of order 4 from the Python library scipy (function solve_ivp). O

4.9. Solutions

Solution 4.1.

sol = solve_ivp(F, [0, np.pil, [0], t_eval=t_eval, \
rtol = 1e-8, atol = 1e-8)

plt.figure(figsize = (12, 4))
plt.subplot(121)

plt.plot(sol.t, sol.y[0])

plt.xlabel('t')

plt.ylabel('S(t)")

plt.subplot(122)

plt.plot(sol.t, sol.y[0] - np.sin(sol.t))
plt.xlabel('t')

plt.ylabel('S(t) - sin(t)')
plt.tight_layout ()

plt.show()
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Solution 4.2.
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F = lambda t, s: -s

t_eval = np.arange(0, 1.01, 0.01)
sol = solve_ivp(F, [0, 1], [1], t_eval=t_eval)

plt.figure(figsize = (12, 4))
plt.subplot(121)

plt.plot(sol.t, sol.y[0])

plt.xlabel('t')

plt.ylabel('S(t)")

plt.subplot(122)

plt.plot(sol.t, sol.y[0] - np.exp(-sol.t))
plt.xlabel('t')

plt.ylabel('S(t) - exp(-t)")
plt.tight_layout ()

plt.show()
1.0 0.0002 -
0.9 1 0.0001
0.8 -
S 0.0000
0.7 g
& ! =0.0001
0.6 @
~0.0002
0.5 -
~0.0003
0.4 1
. . . . . . —0.0004 +— . . . .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8

t t

Figure 4.7.: Solution of the problem dS(t)/dt = —S(t), computed with the SciPy function solve_ivp.

Figure 4.7 shows the corresponding numerical results.

Solution 4.3.

F = lambda t, s: np.dot(np.array([[0, t*x2], [-t, 01]), s)

t_eval = np.arange(0, 10.01, 0.01)
sol = solve_ivp(F, [0, 10], [1, 1], t_eval=t_eval)

plt.figure(figsize = (9, 4))
plt.plot(sol.y.T[:, 0], sol.y.T[:, 11)
plt.xlabel('x"')

plt.ylabel('y')

plt.show()
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O

Solution 4.4. Since solve_ivp solves only first-order systems, we transform the second-order equation into a first-order
system according to Theorem 2.14. With y; = x and y, = dx/dt (y[0] and y[1] in the code), we have

d _

dt >

dy, _c

a  mir

We solve this system with solve_ivp. For comparison, we plot the exact (analytical) solution of the harmonic oscillation,

c
z(t) = g eos (wot + ), wy=4/—,
m
with the amplitude x, the spring constant c (k in the code), the mass m, the time ¢, and the phase angle ¢ (cf. Equation 2.9).
For the initial velocity 0, ¢ = 0, and x, equals the initial displacement. The following code implements and visualizes this
solution (Figure 4.8).

# Parameters of the spring and the mass
k =2.0 # spring constant in N/m
m

0.5 # mass in kg

# The system of first-order differential equations
def federpendel(t, y):
return [y[1], -k / m * y[0]]

# Initial conditions: initial displacement 1 m, initial velocity O m/s
yOo = [1.0, 0.0]

# Time span for the simulation
t_span = (0, 10)

# Solution of the system of differential equations
sol = solve_ivp(federpendel, t_span, yO, t_eval=np.linspace(t_span[0], t_span[1], 1000))

# Computation of the true solution
t_true = np.linspace(t_span[0], t_span[i1], 1000)
x_true = yO[0] * np.cos(np.sqrt(k / m) * t_true)

plt.figure(figsize=(9, 6))
plt.plot(sol.t, sol.y[0], label='Numerical displacement (m)')
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plt.plot(t_true, x_true, 'k--', label='True displacement (m)')
plt.plot(sol.t, sol.y[1], label='Numerical velocity (m/s)')
plt.title('Numerical vs. true solution of the spring pendulum')
plt.xlabel('Time (s)')

plt.ylabel('Displacement / velocity')

plt.legend()

plt.grid(True)

plt.show()

Numerical vs. true solution of the spring pendulum

2.0 A —— Numerical displacement (m)
=== True displacement (m)
—— Numerical velocity (m/s)
1.5 A
1.0 ~
2
3 0.5-
o
>
2
Q 00 N
S
()
O
©
o —0.5
i)
o
—1.0 A
—1.5 A
—2.0 A
0 2 4 6 8 10
Time (s)
Figure 4.8.: Numerical and exact solution of the spring pendulum.
O
Solution 4.5.

def my_msd(t, S, m, c, k):
X, v = S # Decompose the state wvector S into displacement x and velocity v
dxdt = v # The derivative of = with respect to time t is v
dvdt = -(cxv + k*x) / m # The derivative of v with respect to time t
return [dxdt, dvdt] # Return the deriwvatives as a list

Here the argument c stands for the damping constant b and k for the spring constant c. We test the function with ¢ = 0,
S =11, —1],m=10,b = 1,and ¢ = 100:

my_msd(0, [1, -1], 10, 1, 100)
[-1, -9.9]

Figure 4.9 shows the numerical solution of the spring-mass system for the damping constants b = 0, 1, and 10 withm = 1
and ¢ = 10.
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import numpy as np

from scipy.integrate import solve_ivp
import matplotlib.pyplot as plt

from functools import partial

m=1
k = 10

# Case 1: no damping

f = partial(my_msd, m=m, c=0, k=k)

t_e = np.arange(0, 20, 0.1)
sol_1=solve_ivp(f, [0,20],[1,0],t_eval=t_e)

# Case 2: weakly damped
f = partial(my_msd, m=m, c=1, k=k)
sol_2=solve_ivp(f, [0,20],[1,0],t_eval=t_e)

# Case 3: strongly damped
f = partial(my_msd, m=m, c=10, k=k)
sol_3=solve_ivp(f, [0,20],[1,0],t_eval=t_e)

plt.figure(figsize = (10, 8))
plt.plot(sol_1.t, sol_1.y[0])
plt.plot(sol_2.t, sol_2.y[0])
plt.plot(sol_3.t, sol_3.y[0])
plt.xlabel('time')
plt.ylabel('displacement')

plt.legend(['No damping', 'Weak damping: $b=1$', \
'Strong damping: $b=10$'], loc=1)

4.9. Solutions
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—— No damping
1.00 A
00 ——— Weak damping: b=1
——— Strong damping: b =10
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Figure 4.9.: Numerical solution of the spring-mass system with variable damping.

Solution 4.6. With g = [, the ODE for the simple pendulum reads
d2

?(2'0 +sin(¢) =0

with the initial conditions ¢(0) = 0 and ¢(0) = 1.

We solve it with solve_ivp from SciPy up to time £ = 0.1. As its default method, solve_ivp already uses RK45.

First, the second-order ODE is converted into a first-order system. With the angular velocity ¢ as the second unknown (in
the code, ¢ is called phi and ¢ is omega), we have

d
dt‘P—SDv
d

gP=" sin(¢).

The following code solves this system, prints ¢(0.1) and ¢(0.1), and plots ¢(t) and ¢(t) for 0 < ¢ < 0.1 in Figure 4.10.

import numpy as np
from scipy.integrate import solve_ivp
import matplotlib.pyplot as plt

# Define the differential equations

def pendulum_equation(t, y):
phi, omega =y
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dphi_dt = omega
domega_dt = -np.sin(phi)
return [dphi_dt, domega_dt]

# Inittal conditions
phi_ 0 = 0

omega_0 = 1

yO0 = [phi_0, omega_O]

# Time interval
t_span = [0, 0.1]
t_eval = np.linspace(t_span[0], t_span[1], 100) # time points for the output

# Solve the differential equation
solution = solve_ivp(pendulum_equation, t_span, yO, method='RK45', t_eval=t_eval)

# Output the results
phi = solution.y[0]
omega = solution.y[1]

# Print the wvalues for t=0.1
print("phi(t=0.1) =", phi[-1])
print ("omega(t=0.1) =", omegal-1])

phi (£t=0.1)

= 0.09983349976270398
omega(t=0.1) = 0

.9950083151697924

plt.figure(figsize=[12, 4])

plt.subplot(l, 2, 1)

plt.plot(solution.t, phi, label=r'$\varphi(t)$"')
plt.xlabel('t')

plt.ylabel(r'$\varphi(t)$')

plt.legend()

plt.subplot(l, 2, 2)

plt.plot(solution.t, omega, label=r'$\dot{\varphi}(t)$')
plt.xlabel('t')

plt.ylabel(r'$\dot{\varphi}(t)$')

plt.legend()

plt.tight_layout ()

plt.show()
0101 — o) 1.000 — 0
0.08 0.999 1
0.06 1 0.998
3 =S
0.04 0.997 1
0.02 1 0.996
0.00 1 0.995
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10

Figure 4.10.: Solution of the simple pendulum problem, computed with the solve_ivp function of SciPy.
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Systems of Linear Differential Equations
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5. Eigenvalues and Eigenvectors

Table 5.1 summarizes the symbols of this chapter together with their type and the place where they are defined.

Table 5.1.: Symbols in Chapter 05

Symbol Meaning Type Defined in

c Spring constant Constant Theorem 2.7

Ci Spring constant of spring ¢  Constant Example 5.1
(c19: coupling spring)

7 Running index (component, Index Proposition 5.1

row, eigenvalue number,
spring number)

k Running index Index Proposition 5.2
(timef/iteration step, mode,
eigenvalue number)

m Mass Constant Theorem 2.6

n Order of an ODE; Index Definition 5.1
dimension of a matrix or
system; number of steps

t Time Scalar Equation 2.8

v, V; Eigenvector; v; eigenvector ~ Vector Definition 5.1
for the eigenvalue \; or 1,

T, To Displacement from the rest ~ Function Theorem 2.7

position; x; displacement of
mass %; T initial
displacement

2, Iteration vector of the power  Vector Proposition 5.2
method at step k (2, starting
vector)

A Matrix (coefficient, system,  Matrix Definition 5.1
or difference matrix,
e = Au)

A, Qu, Ry, Matrices in the k-th step of ~ Matrix Definition 5.3
the QR method

B Further matrix (similar Matrix Definition 5.2
matrix A = P~1BP;
B=A— A\FEinthe
brute-force (“Hau-Ruck”)

method)
E Identity matrix Matrix Definition 5.1
P Invertible matrix of a Matrix Definition 5.2
similarity transformation,
A=P'BP
Q Orthogonal matrix, Matrix Definition 5.3
QTQ = E; columns are
orthonormal eigenvectors
R Upper triangular matrix of =~ Matrix Definition 5.3
the QR decomposition
T Period of oscillation; Tj, of ~ Scalar Figure 2.3

the simple pendulum, 7}; of
the damped oscillation
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Symbol

Meaning

Type

Defined in

Yi

)

det
Al

local

Coefficient of a linear
combination (weights of the
RK2 method; expansion of
the starting vector in
eigenvectors; basis
representation in the
eigenspace)

Coupling parameter

K = ¢;5/m of two coupled
oscillators

Eigenvalue or root of the
characteristic equation
(exponent in the ansatz eM);
Ais Aps 12y A = £jwy,
Eigenvalue of the shifted
matrix A — A\ E
Components of an unknown
eigenvector

The number pi (italic,
KaTeX exception)

Angular frequency
(excitation angular
frequency; imaginary part
of an eigenvalue; frequency
of an eigenfunction)
Natural angular frequency
of the undamped
single-mass oscillator,

wy = /¢/m (simple
pendulum: Jng)

Natural angular frequency
of the k-th normal mode
(wq,wy in 05)

First and second derivative
with respect to time ¢
Transpose

Inverse

Determinant

Euclidean norm, absolute
value

¢; (Example 5.3);
placeholder * for arbitrary
entries (QR method)

Scalar

Constant

Scalar

Scalar
Scalar
Constant

Scalar

Constant

Scalar

Operator

Operator
Operator
Operator
Operator

local

Equation 3.7

Example 5.1

Definition 5.1

Proposition 5.4
Example 5.1
Figure 2.3

Example 5.1

Equation 2.8

Remark 5.1

Equation 2.8

Definition 5.3

Proposition 5.3
Proposition 5.1
Proposition 5.2

where used

5.1. Definitions

Papula (2015) gives an introduction to the topic in Part I, Linear Algebra, Chapter 7, “Eigenvalues and Eigenvectors of a

Square Matrix”.

Definition 5.1 (Eigenvalues and Eigenvectors). Let A be a (real or complex) matrix of order n and F the identity matrix of
order n. The matrix equation

describes an n-dimensional eigenvalue problem. A number X for which this equation has a solution v # 0 is called an
eigenvalue of the matrix A. Every such solution v is called an eigenvector of A for the eigenvalue A. The matrix A — \E

(A—AE)v=0

is called the characteristic matrix of A.
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5.1. Definitions
The eigenvalues and eigenvectors of the matrix A can be computed step by step.

Proposition 5.1 (Characteristic Equation). The eigenvalues of A are the solutions Ay, Ay, ..., A,, of the characteristic
equation

det(A — AE) = 0,

an algebraic equation of degree n. An eigenvector v, for the eigenvalue \; is a nontrivial solution of the homogeneous
linear system of equations
(A= XNE)v;,=0 (i=1,2,...,n). O

Proof. The homogeneous system (A — AE) v = 0 has a solution v # 0 if and only if the matrix A — \E is singular, that
is, if det(A — AE) = 0. O

Eigenvectors are usually given in normalized form. A multiple eigenvalue may have several linearly independent eigenvec-
tors.

Example 5.1 (Normal Modes of Coupled Mechanical Systems). Figure 5.1 shows two identical oscillatory mechanical
systems, each consisting of an oscillating mass m and an elastic spring with spring constant ¢, which are connected to each
other, i.e., coupled, by a coupling spring with spring constant c; .

Figure 5.1.: Two identical spring-mass systems (mass m, spring constant c) attached to fixed walls and coupled to each
other by a coupling spring (spring constant c;,, red). z; and x, are the displacements of the masses from their
rest positions (dashed), positive to the right. Adapted from Papula (2015).

This system is capable of so-called normal modes in the direction of the system axis. Both masses then oscillate harmonically
with the same angular frequency w. Their position coordinates x; and x, are therefore periodic functions of time ¢ with
period T = 27 /w. The still unknown angular frequencies of these normal modes are the square roots of the (real)
eigenvalues of the so-called system matrix A.

The system matrix can be set up from Newton’s second law and Hooke’s law for the spring forces (Theorem 2.6, Theorem 2.7).
The first mass is acted on by the spring force —cx; and by the force —c,4(x; — 25) of the coupling spring. Its equation of
motion is therefore

mi, = —cxy — c15(xT] — 25).

For the second mass one obtains correspondingly
Note the signs of the spring forces. Collecting the terms in x; and x, yields the equations
miy = —(c+c12)Ty +CaT (5.1

and
m.’iQ == 012$1 - (C + 012)172. (52)

Moving all terms to the left-hand side gives the system of equations

My — 1921 + (€ + ¢19)xy = 0. (5.4)

) ) ()
Ty —Cip  CH+cCa) \Zy

In matrix form it reads
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so that we obtain the system matrix

A= <(C +ep)/m —cp/m ) .

—cip/m  (c+eqp)/m

With the natural angular frequency w, = +/c¢/m of the uncoupled spring-mass systems (Equation 2.8) and the coupling
parameter K = Cqy / m, the system matrix can be written as

(w% + kK —K )
A - 2 .

—K wy+ K
The required eigenvalues follow from the characteristic equation

W Hr—A —K

’—(w%+/€—)\)2—m2—0.

We obtain
(Wi+r—AN?=kr* = Wi+r—A=4r = Ay=wi+rFEk

The eigenvalues of the system matrix A are therefore
AN =wi=c/m (5.5)

and
Ay = wi + 2k = (¢ + 2¢;5)/m. (5.6)

By Proposition 5.1, the eigenvectors v, and v, for the eigenvalues A; and A\, are the nontrivial solutions of the homogeneous

linear systems of equations (A — A\, E') v; = 0. We denote the components of the eigenvector to be determined by &; and
&, For \; = w?, since w2 + k — \; = K, we obtain the system of equations

k =K\ (&) _ (0
-k Kk J\&/)  \0)°
Adding the first equation to the second and dividing the first equation by ~ gives
1 =1\ /&Y (0
0 0 &) \0)”
hence &, = &, and thus the eigenvector v; = G) Analogously, for A, = w2 + 2k we obtain the eigenvector

b= (1) e

Remark 5.1 (Interpretation of the Eigenvalues and Eigenvectors). Taking square roots in Equation 5.5 and Equation 5.6
yields the angular frequencies of the two normal modes in the direction of the system axis,

wy =+ve/m and  wy =/ (c+ 2¢55)/m.
The first value corresponds to the natural angular frequency wy, i.e., the angular frequency of the uncoupled spring-mass
systems:
wy =wy =\ ¢/m.
In this normal mode the masses oscillate in phase (eigenvector v; = G) ). The coupling spring is not loaded, see Figure 5.2.
In the second normal mode, with the larger angular frequency

Wy =/ (CH+ 2¢15)/m > wy =/ c/m

and the eigenvector v, = <_11>, the masses instead oscillate in antiphase. The coupling spring is then loaded to the

maximum extent, see Figure 5.3.

O
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C C12 C
! WM
—p X ;—sz
C C12 C
to+T12 m M\ m
xld—é X24—§

Figure 5.2.: In-phase normal mode with eigenvector (1,1)7 and angular frequency w; = y/c/m: the masses oscillate
synchronously (z; = Z). Shown are two snapshots half a period T'/2 apart, with T' = 27 /w,. The coupling
spring ¢, keeps its rest length and is not loaded. Adapted from Papula (2015).

C C12 C
— X X2<—§
C C12 C
fo + T12 m P\ \V\\/\/ - m
X1 4—' E_>X2

Figure 5.3.: Antiphase normal mode with eigenvector (1, —1)7 and angular frequency wy, = /(¢ + 2¢;5)/m: the masses
oscillate against each other (x; = —x,). Shown are two snapshots half a period 7'/2 apart, with T' = 27 /w,.
The coupling spring ¢, is alternately compressed and stretched to the maximum. Adapted from Papula (2015).
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5.2. Numerical Eigenvalue Computations

5.2.1. The Power Method (Largest Eigenvalue)
5.2.1.1. Derivation

For some problems we only need the eigenvalue of largest magnitude (the dominant eigenvalue) and the corresponding
eigenvector. In such cases the power method is suitable, an iterative method that converges to this eigenvalue.

Consider an n X n matrix A with n real eigenvalues Ay, Ao, ..., A,, and n linearly independent corresponding eigenvectors
Uy, Vg, ..., U,. Let the eigenvalues be ordered such that |A;| > |A,| > ... > |\, |. All that matters is that \; is strictly
larger in magnitude than all other eigenvalues. These may be equal to one another.

Because the eigenvectors are linearly independent, they form a basis. Every vector in the same space can therefore be
written as a linear combination of the eigenvectors, in particular an arbitrary starting vector z:

20 = N1V + Y2V2 +oeee TnUn-

We assume 7, # 0. If v; = 0, we choose a different starting vector.

Proposition 5.2 (Convergence of the Power Method). Under these assumptions, the vectors z), = A¥zy /(v \¥), k =

1,2, .., satisfy
A\ * A\
Zk:yl+’y2(2> U2+...+%<n) v,
7 \AM 7\ M

and Az, = Az, fork > 2. As k — o0, z, tends to vy, so Az;,_; = A\jvy holds for large k. O

Proof. We multiply z, by A. Since Av; = \,;v;, we obtain

7710
Azg = 1 Avy + 7 Avy + -+ 7, Avy = 1A 01 F YAt o Y A
Factoring out y; A\; gives

A A
Azy =N |:'U1 + %ﬁ% +oee :ZL/\T%] =712

Since )\, is the eigenvalue of largest magnitude, |\; /)| < 1 for all i > 1. For sufficiently large k, ()\; /)" is therefore
close to O for all ¢ > 1. All terms containing this ratio can be neglected as k grows:

Az ~ A\v;.

O

For sufficiently large k, the power method thus yields the largest eigenvalue and the corresponding eigenvector. In the
implementation we normalize the vector in every iteration by factoring out its component of largest magnitude, so that
this component equals 1. The normalization factor then yields the largest eigenvalue, and the normalized vector the
corresponding eigenvector.

The iteration stops as soon as one of three common criteria is met: the difference between the eigenvalues of successive
iterations falls below a tolerance, the angle between successive eigenvectors falls below a threshold, or the norm of the
residual vector falls below a prescribed value.
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Example 5.2 (Power Method for a 2 x 2 Matrix). The largest eigenvalue of the matrix

0 2
A =
2 3
is 4. We determine this eigenvalue and its eigenvector numerically with the power method, starting from the starting vector

zo = (1, 1)T. In Python the power method can be implemented as follows. The variable x holds the current iteration vector
2

import numpy as np
def normalize(x):
# factor: component of largest magnitude, with its sign,
# so that a megative dominant eigenvalue ts also detected correctly
fac = x[np.argmax(np.abs(x))]
x.n =x / fac
return fac, x_n

x = np.array([1, 1]1)
A = np.array([[0, 2],
[2, 311

for i in range(8):
x = np.dot(A, x)
lambda_1, x = normalize(x)

print(f'Eigenvalue: {lambda_1}')
print (f'Eigenvector: {x}')

Eigenvalue: 3.999949137887188
Eigenvector: [0.50000636 1. ]

O

Example 5.3 (Normalization in the Power Method). We answer two questions about the implementation in Example 5.2:
Why is the vector normalized in every iteration? And why does lambda_1 hold the largest eigenvalue after the iteration?

Why normalize? Without normalization, z;, = AF z, after k steps. By the derivation above, this vector behaves like 7, )\’f (R
so its components grow like A¥ (for |\;| > 1) or decay like A¥ (for |\;| < 1). For the matrix from Example 5.2 with
Ay = 4, eight steps without normalization already give

39322
8 —
Az = (78643) '

Double-precision floating-point numbers only reach about 1.8 - 10398, Since 4°12 = 21924 ~ 1.8 - 10308, the components
overflow to inf after roughly 500 steps, and from then on the iteration is worthless. For |A;| < 1 they underflow to zero
accordingly. Normalization prevents both: after every step, the component of largest magnitude equals 1. The direction
of the vector, which is all that matters for an eigenvector, does not change. Thus A8z, divided by 78643, also equals
(0.500006, 1)7.

Why does lambda_1 hold the eigenvalue? The function normalize returns the component of largest magnitude of the
vector Az, as the factor fac, and this factor is stored in lambda_1. Once the iteration has converged, z;,_; is an
eigenvector whose component of largest magnitude equals 1. For an eigenvector v of this form, for instance

1
€
v=| & with e, <1,
€n—1
we have
A
A&y
Av= v = Aey
A6n71
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The component of largest magnitude of Awv is therefore A itself, and normalize returns exactly this value as the factor. In
the example, z;, converges to v; = (0.5, 1), and

0 2\ /0.5 2 0.5
=) (7) = (6)=+(5)
The normalization factor is 4 = )\, and the normalized vector is again v;. Since fac keeps the sign of the component, a
negative dominant eigenvalue is detected correctly as well. O

5.2.2. The Inverse Power Method

Proposition 5.3 (Eigenvalues of the Inverse Matrix). If A is invertible and )\ is an eigenvalue of A with eigenvector v, then
1/ is an eigenvalue of the inverse matrix A~ with the same eigenvector v. O

Proof. Since A is invertible, A # 0. Multiplying Av = v by A~ gives v = MA~1v, hence A~1v = A\ "1v. O
With Proposition 5.3 and the power method, the eigenvalue of A with the smallest magnitude can be determined. This
is the basis of the inverse power method. Instead of multiplying by A, we multiply by A~! in every iteration and thus

find the eigenvalue 1/)\,, of A~! with the largest magnitude. Its reciprocal A, is the eigenvalue of A with the smallest
magnitude.

5.2.3. The Shifted Power Method

In some cases we need all eigenvalues and eigenvectors, not only the largest and the smallest. A simple but inefficient way
is the shifted power method. The next section presents a more efficient method.

Proposition 5.4 (Eigenvalues of the Shifted Matrix). If A has the eigenvalues Ay, ... , \,, with the eigenvectors vy, ..., v
then the shifted matrix A — \| E has the same eigenvectors and the eigenvalues

n’

~

)\k:)\k_)\l, kzl,...,n,

that is, 0, Ay — Ay As — Aps s Ay — Ay O

n

Proof. From Av,, = A\ v, it follows that (A — A\ E) v, = (A, — A\;) vy O

Applying the power method to the shifted matrix yields its eigenvalue ) i of largest magnitude. Since A E = AL — A

this gives the eigenvalue A\, = :\k + Ay of A. Repeating this procedure several times finds all remaining eigenvalues,
albeit at considerable cost. A better method for determining all eigenvalues is the QR method. It is named after the QR
decomposition A = QR of a matrix into an orthogonal matrix () and an upper triangular matrix R (Definition 5.3).

5.2.4. The QR Decomposition
5.2.4.1. Derivation

The QR method is a preferred iterative method for finding all eigenvalues of a matrix (but not the eigenvectors at the same
time). It rests on two concepts, the similarity of matrices and the QR decomposition.

Definition 5.2 (Similar Matrices). Two square matrices A and B are called similar if there is an invertible matrix P with

A= P'BP. O

Proposition 5.5 (Eigenvalues of Similar Matrices). Similar matrices have the same eigenvalues. If A = P~ BP and v is
an eigenvector of B for the eigenvalue )\, then P~ v is an eigenvector of A for the same eigenvalue. O

Proof. From Bv = v it follows that AP™'v = P"1BPP 'y = P71 Bv = AP~ 1v. Here P~ v # 0 because P! is
invertible. Conversely, since B = PAP~!, every eigenvalue of A is also an eigenvalue of B. O
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Definition 5.3 (QR Decomposition). A matrix Q is called orthogonal if Q7' = QT , thatis, Q7'Q = QT Q = E. The
OR decomposition of a matrix A is its representation A = QR as the product of an orthogonal matrix ) and an upper
triangular matrix R. O

How do we link these two concepts to find the eigenvalues? Let A, be a matrix whose eigenvalues are to be determined. In
the k-th step (starting with k£ = 0) we decompose A;, = @}, R, where ), is an orthogonal matrix and R, is an upper
triangular matrix. We then form A4, ; = R, Q.. Then

Ay = RQp = Q' QpRLQ, = Q1 AQ..

By Definition 5.2 (with P = ()},), all A, are therefore similar and, by Proposition 5.5, have the same eigenvalues. As the
iteration proceeds, the A, eventually converge to an upper triangular matrix

Ao %

0 Ay ...
Ak+1 = Rka‘ = 2 ’

0 0 ... A

n
whose diagonal elements are the eigenvalues of the matrix. Here * stands for arbitrary entries.

In every iteration of the QR method, the matrix can be factored into an orthogonal and an upper triangular matrix using a
special matrix, the Householder matrix. We do not go into the mathematical details of how to obtain () and R from the
matrix. Instead, we directly use the Python function that returns both matrices.

5.2.4.2. The QR Method: Implementation in Python

Example 5.4 (QR Method for a 2 x 2 Matrix). We use the function qr from numpy.linalg to decompose the matrix

0 2
A= (7).
We first import the required libraries and then perform the QR decomposition of A. The variables q and r hold the factors
Q@ and R.

import numpy as np
from numpy.linalg import qr
A = np.array([[0, 2],

(2, 31D

q, r = qr(4)

print('Q:', q)
print('R:', )

b = np.dot(q, r)
print('QR:', b)

Q: [[ 0. -1.]
[-1. 0.]1]
R: [[-2. -3.]
[ 0. -2.1]
Qr: [[0. 2.]

[2. 3.1]

Next, we apply the QR method to find the eigenvalues of the matrix.

A = np.array([[0, 2],

[2, 31D
for i in range(20):
q, r = qr(4)

A = np.dot(r, @
if (i+1) % 5 ==
print(f'Iteration {i+1}: {A}")
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5. FEigenvalues and Eigenvectors

Iteration 5: [[ 3.99998093 0.00976559]
[ 0.00976559 -0.99998093]]

Iteration 10: [[ 4.00000000e+00 9.53674316e-06]
[ 9.53674316e-06 -1.00000000e+00]1]

Iteration 15: [[ 4.00000000e+00 9.31322576e-09]
[ 9.31322575e-09 -1.00000000e+00]]

Iteration 20: [[ 4.00000000e+00 9.09492929e-12]
[ 9.09494702e-12 -1.00000000e+00]]

The diagonal elements are already close to the eigenvalues 4 and —1 after the fifth iteration and converge to the correct
values after the tenth iteration. O

In Section 5.2.5 we look at how to obtain the eigenvalues and eigenvectors in Python easily with the built-in function.

5.2.5. Eigenvalues and Eigenvectors in numpy.linalg (Python)

The direct computation of eigenvalues and eigenvectors is quite simple in Python. The main function for solving the
eigenvalue problem for a square array is the function eig in numpy.linalg.

Example 5.5 (Eigenvalues and Eigenvectors with eig). For the matrix A from Example 5.4, eig returns the eigenvalues in
the array w and the normalized eigenvectors v; as the columns of the matrix v.

import numpy as np
from numpy.linalg import eig
A = np.array([[0, 2],

(2, 31D
w,v = eig(h)
print (f"Eigenvalues: {wl}")
print (f"Eigenvectors: {v}")

Eigenvalues: [-1.+0.j 4.+0.j]
Eigenvectors: [[-0.89442719+0.j -0.4472136 +0.j]
[ 0.4472136 +0.j -0.89442719+0.j]]
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6. Systems of Linear Differential Equations

This chapter treats systems of first-order linear ODEs with constant coefficients and their solution by means of the eigenvalues
and eigenvectors of the coefficient matrix. Table 6.1 summarizes the symbols used.

Table 6.1.: Symbols in Chapter 06

Symbol Meaning Type Defined in

a;n Element of the coefficient Scalar Definition 6.1
matrix A of an ODE system

e Euler’s number Constant Example 2.1

g(x), g;(x) Forcing function of a linear ~ Function Definition 6.1

ODE,; as a vector g(x) or
g(t) for systems
) Running index (component, Index Definition 6.1
row, eigenvalue number,
spring number)
j Imaginary unit, j> = —1 Constant Equation 2.5
k Running index Index Definition 6.1
(timef/iteration step, mode,
eigenvalue number); here
column index in a,,
k, k, Multiplicity of an Index alg. 6.1
eigenvalue (“root of
multiplicity £”); k, smallest
exponent with
rank B0 =n — k

12 Running index (component  Index Proposition 6.2
of an eigenvector, solution
number)

n Order of an ODE; Index Definition 6.2

dimension of a matrix or
system; number of steps

p(A) Characteristic polynomial Function Equation 6.17
det(A — \E)

v, U; Eigenvector; v, eigenvector ~ Vector Definition 5.1
for the eigenvalue \; or (i,

T Independent variable (Ch. Scalar Definition 6.1
02 §1-4, 03, 06, 08
eigenfunctions)

y Unknown function y(x) or  Function Definition 6.1

vector of unknown
functions; v, y”, y™)
derivatives
Yiseoos Yp, Components of the state Function Definition 6.1
vector S in the reduction of
order (y; =y, y2 =Y, ...)
or of the solution vector y of
a system
A Matrix (coefficient, system,  Matrix Definition 6.1
or difference matrix,

e = Au)
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6. Systems of Linear Differential Equations

Symbol Meaning Type Defined in

B Further matrix (similar Matrix alg. 6.1
matrix A = P~1BP;
B=A—)\FEinthe
brute-force (“Hau-Ruck™)
method)
c,...,C, Constant of integration; Constant Theorem 6.2
Cy, ..., C,, constants of
integration or coefficients of
the general solution

E Identity matrix Matrix Definition 5.1

Y,,Y, Basis solution (vector) of a  Vector Equation 6.18
homogeneous ODE system,
Y, = ey,

R, R™ Set of real numbers or of Set Section 2.1
n-tuples

0" Real part of a complex Scalar Theorem 6.1
eigenvalue, A\ o = o £ jw

A Eigenvalue or root of the Scalar Definition 5.1

characteristic equation
(exponent in the ansatz e');
Ais As A2y A = Hjwy,

£,6, Components of an unknown  Scalar Example 6.2
eigenvector
w Angular frequency Scalar Theorem 6.1

(excitation angular
frequency; imaginary part
of an eigenvalue; frequency
of an eigenfunction)
vy, g™ First, second, n-th Operator Example 2.1
derivative with respect to
the independent variable

det Determinant Operator Definition 5.1
tr Trace of a matrix Operator Equation 6.4
Re,Im Real and imaginary parts Operator Equation 2.19
A Complex conjugate Operator Proposition 6.2

6.1. Systems of First-Order Linear Differential Equations with Constant
Coefficients

We first consider rwo coupled first-order linear ODEs with constant coefficients. Systems of more than two such equations
are treated in Section 6.1.3.

6.1.1. Two First-Order Linear Differential Equations with Constant Coefficients

The presentation in this section follows Chapter 7 (“Systems of First-Order Linear Differential Equations™) in Papula
(2015).

Definition 6.1 (System of Two First-Order Linear ODEs). Two coupled first-order linear ODEs with constant coefficients
of the type

Y1 = a11y1 + agoys + 91 (2), 6.1)
Yy = Qo1Y1 + A9y + go(T) (6.2)
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6.1. Systems of First-Order Linear Differential Equations with Constant Coefficients

with real, constant coefficients a;;, (¢, k = 1, 2) and forcing functions g;(x) form a linear system of differential equations
of order 2 (the order of the system is the number of its equations). In matrix form it reads

()= (o) () + (22)
y = Ay +g(x)

with the vector y = (y;, )T of the unknown functions, the vector y" = (y1,y5)” of the derivatives, the coefficient matrix

A = (a;;,), and the vector of forcing functions g(x) = (g, (), go(x))7.

or

The system is called homogeneous if g(x) = 0, that is,

An initial value problem is present when an initial value is given for each of the two unknown functions y; and y,. O

The general solution y; = y;(z), Yy = yo(x) contains two constants, which are determined by the initial conditions.

6.1.2. Solution of the Homogeneous System for n = 2

The homogeneous system
y = Ay (6.3)

can be solved by means of the eigenvalues \; and eigenvectors v; of the coefficient matrix A. To this end we use the
exponential ansatz y = v e with a constant vector v.

Proposition 6.1 (Exponential Ansatz for Homogeneous Systems). Let A be a constant matrix and v % 0 a constant vector.
The function iy = ve™* solves Equation 6.3 if and only if

(A= AE)v =0

holds, i.e., if \ is an eigenvalue of A and v an associated eigenvector. Here I is the identity matrix. O

Proof. Withy’ = Ave ®, substitution into Equation 6.3 gives
Avet = Avel?.

Division by e** = 0 yields the eigenvalue problem \v = Au, i.e., (A — AE)v = 0. O

The eigenvalues \; are the roots of the characteristic equation det(A — AE') = 0. For n = 2 this is the quadratic equation
A2 —(agq + agg) A + (a1105 — ay3a5,) =0

or, in short,

A2 —tr(A) A + det(A) = 0. (6.4)

The solutions of this equation are the eigenvalues of the coefficient matrix A. As for the homogeneous second-order linear
ODE with constant coefficients (Theorem 2.4), three cases have to be distinguished.

Theorem 6.1 (General Solution of the Homogeneous System for n = 2). Lef a1 # 0. With Cy,Cy € R, the first
component of the general solution of Equation 6.3 is

1. for two distinct real eigenvalues \; # Ay
Yy = CeM% + Che2®,
2. for one real eigenvalue A\ = Ay = X with algebraic multiplicity 2
y, = C1e? + Chzer?,
3. for two complex conjugate eigenvalues )\1’2 =a+jwwitha,w € Randw # 0

Y, = e**(Cy sin(wx) + Cy cos(wx)).
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6. Systems of Linear Differential Equations

In all three cases the second component is
1
Yo = —(y1 — a11y1)- (6.5)
a2 O

Proof. Solving the first equation y] = a,,Yy; + a15Y, of the system for y, gives Equation 6.5. Substituting Equation 6.5

into the second equation ¥5 = a9;Yy; + A9y, (substitution method) and multiplying by a,, yields

Y1 — (agy + asn) yi + (ag1a99 — a15a41) y; = 0.

This is a homogeneous second-order linear ODE with constant coeflicients whose characteristic equation is Equation 6.4.

Its basis solutions in the three cases (Theorem 2.4, Equation 2.4, Equation 2.5) yield y; . O

If a;, = 0, the first equation contains only y; and can be solved directly. As an alternative to the substitution method,
the solution follows from the eigenvectors of the coefficient matrix A (Theorem 6.2). If a double eigenvalue has only one
linearly independent eigenvector, alg. 6.1 supplies the missing solution.

Example 6.1 (System with Complex Eigenvalues (Real Solution Path)). Given is the system of first-order linear ODEs
with constant coefficients

yi =y + Yo, (6.6)
yé ==Y + Ya, 6.7

()= (5 ) ()
Y2 —1 1) \y
With the exponential ansatz y = ve*® and the derivative 4’ = \ve?, substitution into the homogeneous system gives

Aver = (_11 D ve

in matrix form

and, after division by e,

the eigenvalue problem
(1__1A 1 i A) v=0. (6.8)
The characteristic equation of the coefficient matrix A is
A2 2\ +2 =0,
so that we obtain the complex eigenvalues )\172 =14].
With @ = 1 and w = 1, Theorem 6.1 gives the first solution function
y; = e*(C sin(z) + Cy cos(x)).

Its derivative is
y; = e*(Cysinx + Cycosx) + e (C cosz — Cysinx).

With Equation 6.5 and a,; = 1 as well as a;, = 1 we obtain the second solution function

Yo =1 — W (6.9)
=e”(C; sinz + Cycosx) 4+ e?(C; cosx — Cysinz) — e®(C, sin(x) + Cy cos(x)) (6.10)
= ¢e%(C} cos(z) — Cysin(x)). (6.11)

The solution functions are

yp = e”(Cy sin(z) + Cy cos(z)), (6.12)
Yy = e%(C cos(z) — Cysin(x)), (6.13)

in vector form .
y=e o () 40, (2E)] Cuoer). ©19
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6.1. Systems of First-Order Linear Differential Equations with Constant Coefficients

Example 6.2 (System with Complex Eigenvalues (Complex Solution Path)). We now solve the system from Example 6.1

with
1 1
A= (4

in the complex domain by means of the eigenvectors v; and v, of the coefficient matrix A. We obtain them by substituting
the eigenvalues into the eigenvalue problem (Equation 6.8). For the first eigenvalue \; = 1 + j the coefficient matrix reads

<1_<—11+j) 1— (11 +j>> - le —11>‘

Multiplying the first equation by j and adding the two equations yields

L
0 0)°
For the eigenvector v; = (£;,&,)T we choose £; = 1 (arbitrarily) and obtain from
& +i& =0

the second component £, = j. The eigenvector for the eigenvalue \; = 1 + j is thus

0= ()

The eigenvector v, for the eigenvalue A, = 1 — j is computed correspondingly. This leads to

w=() ()

For the real solution we use the first eigenvalue A\; = 1 + j and the associated eigenvector v;. Using Euler’s formula
elotiw)r — oo (cos(wa) + jsin(wz)) (6.15)

we first set up the complex solution y:

y = ellH)e <J1> = e (cos(z) + jsin(z)) <11> — e (?OS(I) —l—jSin(fv)> :

jcos(z) — sin(x)

Sorting the real and imaginary parts yields

== (Saio) +1 ()]

Re(y) — e < cos(z) )  Im(y) = e (sin(x)) '

—sin(z) cos(z)

The real basis solutions are

Their linear combination is the general solution of the homogeneous system

y=elo (00 ) o ()] cnaer. (616

sin(x cos(z) o

Equation 6.14 and Equation 6.16 describe the same solution set. They transform into each other by interchanging the
constants C and C\,.

Example 6.3 (Computation with the Second Eigenvalue). Equation 6.14 and Equation 6.16 show that the solutions of
the homogeneous system of first-order linear ODEs with constant coefficients can be determined by the eigenvalues and
eigenvectors of the coefficient matrix A. For the computation of the solution Equation 6.16 we used the first eigenvalue

Ay = 1+ j and the associated eigenvector v; = <J1> . We show that the same result is also obtained with the eigenvalue

Ay = 1 — j and the associated eigenvector v, = (J1>
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6. Systems of Linear Differential Equations

j
1
formula (Equation 6.15) we first set up the complex solution y (note that cos(—z) = cos(x) and sin(—z) = — sin(z)):

e <J1> _ *(cos(z) — jsin(x)) <11> _en (sin(x) +jcos(m)> _

cos(x) — jsin(x)

For the real solution we use the second eigenvalue A, = 1 — j and the associated eigenvector v, = > . Using Euler’s

Sorting the real and imaginary parts yields

v=e | (o) 1 (i)

Re(y) — e (sin(x))  Im(y) = e ( cos(x) ) .

cos(z) —sin(x)

The real basis solutions are

These are the same basis solutions as in the computation with A;, only interchanged: Re(y) here is the former basis solution
Im(y) and vice versa. Assigning the constant C to the imaginary part and C,, to the real part, the general solution of the

homogeneous system is
v=efo (X0) e0, (M Guaen,

—sin(x cos(z)

that is, exactly Equation 6.16. The second eigenvalue therefore yields the same result. This is no coincidence: Ay = A,
and the associated complex solution is, up to a constant factor, the complex conjugate of the first one (Proposition 6.2). [

6.1.3. Homogeneous Systems of First-Order Linear Differential Equations with Constant
Coefficients of Arbitrary Order

The solution path described for n = 2 generalizes to systems of arbitrary order.

Definition 6.2 (Homogeneous System of Order n). Ann X n system of differential equations of the form
y = Ay

with y = (31, ..., ¥,,) and a constant matrix A € R™*" is called a homogeneous system of first-order linear ODEs with

constant coefficients. O

Theorem 6.2 (Solutions of the Homogeneous System of First-Order Linear ODEs with Constant Coefficients). Lety’ = Ay
be a homogeneous system according to Definition 6.2. The eigenvalues \; of A are the roots of the characteristic polynomial

p(A) = det(A — \E) = 0. (6.17)

For each eigenvalue \; with eigenvector v;, i.e., (A — N\, E)v, =0,
Y, =eN%y,  (i=1,..,n) (6.18)
is a solution of the system. If A has n linearly independent eigenvectors, the general solution of the homogeneous system is

y = CreM%u; + ...+ C e*%y, (Cq,...,C, €R). O

Proof. That Y, is a solution follows from Proposition 6.1, whose proof holds verbatim for n x n matrices. Since the
system is linear, every linear combination of solutions is again a solution. If vy, ... , v,, are linearly independent, then so are
Y;(x),...,Y, (x) at every point z. They therefore form a fundamental system of the n-dimensional solution space. ~ [J

i Eigenvalues and Eigenvectors

A summary of the computation of eigenvalues and eigenvectors can be found in Chapter 5.

If the eigenvalue A is a root of multiplicity k of the characteristic polynomial (Equation 6.17), then k linearly independent
solutions belong to A. Two cases require additional steps: complex eigenvalues (Proposition 6.2) and multiple eigenvalues
with too few eigenvectors (alg. 6.1).
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6.1. Systems of First-Order Linear Differential Equations with Constant Coefficients

Proposition 6.2 (Real Solutions for Complex Eigenvalues). Ler A be real and )\ a complex eigenvalue of A with multiplicity
k. Then X is also an eigenvalue of A. If Y, ..., Y, are the linearly independent solutions belonging to A, then the 2k real
functions

Re(Y,), Im(Y,) (£=1,...k)

are linearly independent solutions of the system. They belong to the two eigenvalues X and \. The real and imaginary parts
are computed with Euler’s formula (Equation 6.15). O

Proof. Proof sketch: Since A is real, complex conjugation of Av = Av gives Av = A7. Hence, together with Y,
Y, is also a solution. As linear combinations of solutions, the real and imaginary parts Re(Y,) = %(1/@ +Y,) and

Im(Y,) = 2%(Yg —Y,) are again solutions, and they span the same space as the 2k complex solutions Y, Y. 0O

If X is a root of multiplicity k but there are fewer than & linearly independent eigenvectors, the missing solutions are found
with the following method.

Algorithm 6.1 (Brute-Force (“Hau-Ruck”) Method). Let A be a root of multiplicity k of the characteristic polynomial of
the n X n matrix A.

1. Form the matrix B= A — \E.

2. Form B2, B3, ... until some power has rank n — k. Let this be the case for B¥o.

3. Determine a basis v, ..., v;, of the solution space of BFoy = 0.

4. A system of solutions belonging to the eigenvalue \ of multiplicity k is then, for { = 1, ..., k,

ko—1

2
Y, =eM (ve + xBuv, + %B%z Fot — 'Bk0_1v5> . (6.19)

(kg —1)
The method is taken from Furlan (1995). O

, (3 =2
V=15 5)v

The characteristic polynomial of the coeflicient matrix A is

Example 6.4 (Real Eigenvalues). Let

33— 2

p(A) = det(A — AE) = det ( -

>:A2—5/\+4:0,

and the eigenvalues are A\; = 1 and A\, = 4. We obtain the eigenvectors v; and v, by substituting the eigenvalues into the
eigenvalue problem
2 =2 -1 =2
(—1 1 )“1 =0, (—1 —2) vz =0,

so that we obtain the eigenvectors v; = <1> and vy = <_12) . By Theorem 6.2 the general solution of the homogeneous

system is

y = Cye® G) + Cyele (‘12) (C,,Cy €R). 0

Example 6.5 (Double Eigenvalues). We determine the general solution of the system

, (3 2
v=1" v

The characteristic polynomial of the coefficient matrix A is

3—A 2

p(A) = det(A — AE) = det ( IO

):A2—2)\+1:0,

which yields the double eigenvalue A = 1. We obtain the eigenvector v by substituting the eigenvalue into the eigenvalue

problem
<_22 _22> v=0,
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SOV = <_11> We computed it only as a check. We determine the solution with the brute-force method (alg. 6.1) and set

2 2
o= (? 2.

The matrix B is raised to successive powers until a power B*o reaches the rank n — k. Here n = 2 and k = 2. B! has
rank 1 and B2 has rank 0, so that ky = 2. Thus B2%v = 0 has k = 2 linearly independent solutions, which we can choose

freely. We set
1 0
Ul == O 5 U2 == 1 .

We substitute these vectors into Equation 6.19 and obtain for the first solution (v;)

= (1 2 2 1
n=e (o)t (% %))
2 (1 = 2 « (14 2z
v (o) e (B) e ().
For the second solution (v5) we obtain
= (0 2 2 0
nee () (5 5)Q))

+ (0 s 2 . 2z
B () e (B) e (i)

The general solution of the homogeneous system is the linear combination of the two solutions:

that is,

that is,

« (1422 " 2z
y=Ce ( oy ) + Cye (1—290) (C;,C5 €R).

Every linear combination of the basis solutions Y; and Y, is again a solution of the homogeneous system. Their difference
gives the basis solution

Yi—Y, =e” <51>

This is the solution belonging to the eigenvector v, which we computed at the beginning. The general solution of the
homogeneous system can therefore also be written as

1 142 1 142
y = Clex <_1> + CQeLE < j2mx> = ea: |:C1 (_1> + Cz < j2x$>i| (Cl’CZ E IR) D
Example 6.6 (Complex Eigenvalues). We determine the general solution of the system
, (3 2
¥y=\1_9 1)¥%

The characteristic polynomial of the coefficient matrix A is

3—A 2

p(A) = det(A — AE) = det ( AN

>:A2—4)\+7:0,

which yields the complex eigenvalues \; 5 = 2 + jv/3. For the first eigenvalue AL =2+4] /3, solving the eigenvalue
problem 7
)
—2 —(1+v3) "

—2
gives the eigenvector v; = (1 . \/g) . We do not need the second eigenvalue for the real solution. It can serve as a check.

We substitute the first eigenvalue and the associated eigenvector into Equation 6.18:
4 —2
— a(24jV3)z
y=¢e (1 i \/g) .
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6.1. Systems of First-Order Linear Differential Equations with Constant Coefficients

Euler’s formula (Equation 6.15) gives

—2
) o
y = e’ [cos(\/gm) +] s1n(\/§x)] (1 —j\/g) .
Multiplying out with the eigenvector yields

_ o ( —2cos(v/3x) — 2jsin(v/3x) )
4 cos(v/3x) — jv/3cos(v/3x) + jsin(v/3x) + v/3sin(v/3z) )’

sorted by real and imaginary parts,

1= oy s i) 1 vaeotum e onvin) ]

A real fundamental system is thus

Re(y) — e2* ( —2cos(v/3x) ) Im(y) = e ( —2sin(v/3x) ) '

cos(v/3x) + /3 sin(v/3x)

The general solution of the homogeneous system is their linear combination

y = 2 [01 ( ( —2cos(v/3x) —2sin(v/3z)

—v/3cos(v/3z) + sin(v/3x)

Vi oomfin) * O (et amivin)|  @nCaem O
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7. Systems of Second-Order Linear Differential
Equations in Python

Table 7.1 summarizes the symbols of this chapter together with their type and the place where they are defined.

Table 7.1.: Symbols in Chapter 07

Symbol Meaning Type Defined in
c Spring constant Constant Theorem 2.7
() Spring constant of spring ¢  Constant Example 5.1, Section 7.2
(c19: coupling spring)
d Differential (dx, d—g) Operator Section 7.1
fi, fa Right-hand sides of a system  Function Section 7.1
of two second-order ODEs
m Mass Constant Theorem 2.6
m; Mass ¢ Constant Section 7.2
t Time Scalar Equation 2.8
v Velocity, v = Z; v initial Scalar Figure 2.2
velocity
Ty, Tq Displacement from the rest ~ Function Theorem 2.7
position; x; displacement of
mass %; x initial
displacement
Yis e Ysg Components of the state Function Theorem 2.14
vector .S in the reduction of
order (Y; =4, Yy =Y, ...)
or of the solution vector 4 of
a system
local Unknown functions z(t), local Section 7.1
y(t) and derivative
w = dy/dt in the
introductory example
T, & First and second derivative =~ Operator Equation 2.8

with respect to time ¢

7.1. Introduction

A system of second-order linear ODEs can be solved in Python with the function scipy.integrate.solve_ivp from
the scipy library, which was developed specifically for initial value problems of ODE systems. To this end, a second-order
system first has to be converted into a first-order system, because solve_ivp and similar functions operate on first-order

ODEs.

As an example, consider a system of two second-order ODEs for the unknown functions z(t) and y(%):

d’z f ( dz dy .
o (., d

a2 - I\ " Y ar ar
dt? 2\ e ar’
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7. Systems of Second-Order Linear Differential Equations in Python

New variables for the first derivatives, v = ‘é—‘f and w = %, turn it into a system of four first-order ODEs:
dz
— =,
dt
dv
— = x, Y, v, w,t
dt f 1( Y, U, W, )a
dy
—=Z = w,
dt
dw
— = x, Yy, v, w,t).
d t f 2( 7y7 ) 9 )
Example 7.1 (Two Harmonic Oscillators in Python). For f; = —x and f, = —y (two uncoupled harmonic oscillators),

the system can be solved in Python as follows:

import numpy as np
from scipy.integrate import solve_ivp
import matplotlib.pyplot as plt

# Define the differential equations
def system(t, z):
X, V, ¥, W =2

dxdt = v
dvdt = -x # Ezample for f1: -z
dydt = w

dwdt = -y # Ezample for f2: -y, a simple harmonic oscillator system
return [dxdt, dvdt, dydt, dwdt]

# Initial conditions: xz(0) = 1, dz/dt(0) = 0, y(0) = -1, dy/dt(0) = 0
z0 = [1.0, 0.0, -1.0, 0.0]

# Time span over which the solution %s computed
t_span = (0, 10)
t_eval = np.linspace(*t_span, 1000)

# Solve the UDE system
sol = solve_ivp(system, t_span, z0, t_eval=t_eval)

# Plot the results

plt.plot(sol.t, sol.y[0], label=r'$x(t)$"')

plt.plot(sol.t, sol.y[2], label=r'$y(t)$', linestyle='--')
plt.legend ()

plt.xlabel(r'$t$"')

plt.ylabel(r'$x$, $y$')

plt.title('System of second-order linear differential equations')
plt.show()
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7.2. Coupled Springs

System of second-order linear differential equations

1.00 -
0.75 A
0.50 A
0.25 A

5 0.00 A y(t)
—0.25 A
—0.50 A
—0.75 A

—1.00 A

At each point in time, the state vector z contains the quantities z, v, y, and w (in the code x, v, y, w). The function system()
defines the ODE system. solve_ivp solves it over the time span t_span with the initial conditions z0. The figure shows
the curves of x(¢) and y(). O

This template can be adapted to a specific system of second-order linear ODEs by changing the expressions for dvdt and
dwdt, i.e., f; and f,, in the function system().

7.2. Coupled Springs

‘We now solve the equations of motion of the two coupled spring-mass systems from Example 5.1 numerically. They have
identical masses m, identical spring constants c, and a coupling spring with spring constant c;,. By Equation 5.1 and
Equation 5.2, their equations of motion form a system of two coupled second-order ODEs:

miy = —cxy — cpp(Ty — ),
MLy = —CTy — C19(Ty — 7).
We generalize it to different masses m, and m, and different spring constants c; and c, of the two outer springs:
my & = =@y — C19(2y — ),

Moy = —Coly — C19(Tg — 7).

To convert it into a first-order system, we introduce, as in Theorem 2.14, the state variables y; = =, Yy = 29, Y3 = Z1,
and y, = 2, and obtain four first-order ODEs:

Y1 = Ys,

Yo = Ya,
m1Ys = —c Y1 — C12(Y1 — Ya),
Moy = —ColYs — C12(Yo — Y1)-

Example 7.2 (Coupled Spring-Mass Systems in Python). The following code solves this system for m; = m, = 1,
¢, = ¢y = 1, and ¢;5 = 4 (in the code m1, m2, c1, c2, c12). The state vector y holds the state variables v, ..., y, under
the names x1, x2, v1, v2. The initial conditions z;(0) = 1, 5(0) = —1, and &, (0) = £4(0) = 0 excite the antiphase
normal mode from Remark 5.1.
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7. Systems of Second-Order Linear Differential Equations in Python

import numpy as np

from scipy.integrate import solve_ivp
import matplotlib.pyplot as plt

from numpy import pi

# Parameters

ml, m2 = 1.0, 1.0 # masses

cl, c2=1.0, 1.0 # spring constants of the individual springs
cl2 = 4.0 # spring constant of the coupling spring

def dgl_system(t, y, ml, m2, cl, c2, cl12):
xl, x2, vl, v2 =y
dx1ldt = vi1
dx2dt v2
dvidt = -(cl*xl + c12%(x1-x2)) / mi
dv2dt = -(c2*x2 + c12*(x2-x1)) / m2
return [dx1dt, dx2dt, dvidt, dv2dt]

# Initial conditions: z1(0) = 1, z2(0) = -1, v1(0) = v2(0) = 0
yo = [1.0, - 1.0, 0.0, 0.0]

# Time span over which the solution %s computed
t_span = (0, 2%pi) # start and end
t_eval = np.linspace(*t_span, 1000) # time points at which the solution is reported

# Compute the solution
sol = solve_ivp(dgl_system, t_span, yO, args=(ml, m2, cl, c2, c12), t_eval=t_eval)

# Plot the solution

plt.figure(figsize=(9, 6))

plt.plot(sol.t, sol.y[0], label=r'$x_1(t)$"')

plt.plot(sol.t, sol.y[1], label=r'$x_2(t)$"')

plt.xlabel(r'Time $t$')

plt.ylabel('Displacement')

plt.title('Time evolution of the coupled oscillations with solve_ivp')
plt.legend ()

plt.show()
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Time evolution of the coupled oscillations with solve_ivp
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Exercise 7.1 (Changing the Initial Conditions).

» Write a function to which different initial conditions can be passed, and use it to investigate the effect of different
initial conditions on the system.

* Investigate the behavior of the system for different masses and spring constants of the two springs (e.g., m; # Mo,
¢y F Cy). O
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8. Four Special Matrices K, C,, T, and B,

This chapter is based on Strang (2010). It treats four special families of matrices: K,,, C,,, T, , and B,,. The family C,, in
particular is important for the solution of Exercise 11.1. The symbols of this chapter are listed in Table 8.1.

Table 8.1.: Symbols in Chapter 08

Symbol Meaning Type Defined in
a Constant coefficient of a Constant Section 8.5.2
linear ODE
(' + ay = g(x); growth
rate in y' = ay)
c Spring constant Constant Theorem 2.7
C; Spring constant of spring ¢  Constant Section 8.6
(c19: coupling spring)
d Differential (dx, j—g) Operator Example 2.1
e Euler’s number Constant Example 2.1
e,e; Elongation (strain) of spring  Vector Section 8.6
1; vector e = Au
I 1 Vector of external forces Vector Section 8.1
(right-hand side of
Ku = [); f; force on mass
J» fo reaction force at the
upper end
g Gravitational acceleration Constant Equation 2.28
h Step size of an integration Scalar Definition 3.1, Section 8.5.5
scheme; grid spacing
h=1/(n+1)
T Running index (component, Index Section 8.1
row, eigenvalue number,
spring number)
J Running index (row/column, Index Section 8.1
mass, blade);
typographically distinct
from j
j Imaginary unit, j? = —1 Constant Theorem 2.4
k Running index Index Definition 3.1
(timef/iteration step, mode,
eigenvalue number)
lo Rest length of a spring Constant Figure 8.5
l Running index (component  Index Section 8.5.5
of an eigenvector, solution
number)
m Mass Constant Theorem 2.6
m; Mass ¢ Constant Section 8.6
n Order of an ODE; Index Section 8.1
dimension of a matrix or
system; number of steps
r Number of springs (rows of  Index Section 8.6
the difference matrix A)
t Time Scalar Section 8.5.2
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8. Four Special Matrices K,

,C,, T, and B,

Symbol

Meaning

Type

Defined in

U, U,

W

A, B, A’i? Bl

B!

122

Displacement vector of the
masses (unknown in

Ku = f); u; displacement
of mass %

Eigenvector; v, eigenvector
for the eigenvalue \; or 11,
Internal spring force
(tension) of spring ¢, vector
w="Ce

Independent variable (Ch.
02 §1-4, 03, 06, 08
eigenfunctions)

Unknown function () or
vector of unknown
functions; v/, y”, y'™
derivatives

Eigenfunction of

—y” = Ay for the boundary
condition

Complex number

Matrix (coeflicient, system,
or difference matrix,

e = Au)

Coefficients of the real
modal solution,

q(t) => (A coswit +
By, sinwt)q;, (A;, B; in
08)

Further matrix (similar
matrix A = P~'BP;

B =A— )\Finthe
brute-force (“Hau-Ruck™)
method)

Family of matrices with free
ends: tridiagonal —1, 2, —1,
first and last diagonal entry
1

Constant of integration;

Cy, ..., C,, constants of
integration or coefficients of
the general solution
Diagonal matrix of the
spring constants ¢; in

K =ATCA

Circulant matrix (—1,2, —1
cyclic); C'y for the ring of
N masses

Diagonal matrix of the
pivots in LDLY (only in the
name of the factorization)
Identity matrix

Force; F(t) external force,
Fy its amplitude,

I, F,, F; component
forces, Fy restoring force,
F; weight

“Hanging matrix”
(fixed-free, 3 x 3)

Jordan matrix

Vector

Vector

Vector

Scalar

Function

Function

Scalar
Matrix

Scalar

Matrix

Matrix

Constant

Matrix

Matrix

Matrix

Matrix

Scalar

Matrix

Matrix

Section 8.1

Definition 5.1

Section 8.6

Theorem 8.11

Section 8.5.2

Theorem 8.11

Figure 8.2
Definition 5.1

Theorem 8.19, Equation 8.3

Definition 5.2

Section 8.3

Example 2.1

Section 8.6

Definition 8.2

Theorem 8.1

Definition 5.1

Theorem 2.6

Section 8.6

Table 8.2



Symbol

Meaning

Type

Defined in

U,x, v

R, R™

Yi

At, Ax

Stiffness matrix,

K =ATCcA

Family of second difference
matrices: tridiagonal
—1,2, —1 (fixed-fixed)
Element of the matrix K in
row %, column j

Lower triangular matrix in
LDL" or LLT (Cholesky)
Mass matrix,

M = diag(my, ..., m,,)
Invertible matrix of a
similarity transformation,
A=P'BP

Orthogonal matrix,

QT Q = E; columns are
orthonormal eigenvectors
Fixed-free family of
matrices: tridiagonal
—1,2, —1, first diagonal
entry 1

Upper triangular matrix
from elimination

Factors of the singular value
decomposition
A=UXVT (onlyin
Table 8.2)

Eigenvector matrix
(columns vy, ..., v,,),
V3IAV = A

Set of real numbers or of
n-tuples

Rigid-body displacement:
all masses by the same
amount, u© = (a, ..., @)
Coefficient of a linear
combination (weights of the
RK2 method; expansion of
the starting vector in
eigenvectors; basis
representation in the
eigenspace)

Time step; spatial grid
spacing

Angle: 6 = krw/(n+ 1) or
27k /n (discrete
sine/exponential function)
Eigenvalue or root of the
characteristic equation
(exponent in the ansatz eM);
Ais A

Diagonal matrix of the
eigenvalues

The number pi (italic,
KaTeX exception)

Matrix

Matrix

Scalar

Matrix

Matrix

Matrix

Matrix

Matrix

Matrix

Matrix

Matrix

Set

Scalar

Scalar

Scalar

Scalar

Scalar

Matrix

Constant

Definition 8.5

Section 8.1

Section 8.1
Theorem 8.1
Definition 8.5

Definition 5.2

Theorem 8.10

Section 8.2

Section 8.2

Table 8.2

Theorem 8.6

Figure 8.4

Section 8.1

Example 8.2

Section 8.7, Section 8.5.5

Section 8.5.5

Definition 5.1

Theorem 8.6
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8. Four Special Matrices K,,, C,,, T, , and B,

Symbol Meaning Type Defined in
w Angular frequency Scalar Theorem 8.11
(excitation angular
frequency; imaginary part
of an eigenvalue; frequency
of an eigenfunction)
Wy Natural angular frequency Constant Equation 2.8
of the undamped
single-mass oscillator,
wy = /¢/m (simple
pendulum: Jng)
¢ n-th root of unity, Scalar Theorem 8.15
¢ = e?™/™; { conjugate
vy, yt™ First, second, n-th Operator Example 2.1
derivative with respect to
the independent variable
T,x First and second derivative ~ Operator Equation 2.8
with respect to time ¢
> Sum Operator Equation 8.3
AT Transpose Operator Section 8.1
At Inverse Operator Section 8.1
det Determinant Operator Theorem 8.5
Re, Im Real and imaginary parts Operator Table 8.2
diag Diagonal matrix formed Operator Section 8.7
from entries
DST Matrix of the discrete sine Matrix Definition 8.6
transform
A Complex conjugate Operator Theorem 8.16
[v], |2] Euclidean norm, absolute Operator Section 8.5.6
value
local A, B (example matrices in  local where used

Example 8.1 and

Section 8.5.6.1), y,
(samples sin(£6), cos(¢0) in
Section 8.5.5), u, v
(arbitrary vectors in the
rows “reflection” and “rank
1 of Table 8.2)

8.1. The Matrices K, and C,

i Literature Note

This section refers to Chapter 1.1 in Strang (2010).

An r X n matrix has 7 rows, n columns, and 7 entries. We operate on these rows and columns to solve systems of linear
equations Au = f and eigenvalue problems Av = A\v. From the inputs A and f we obtain (with the help of software such

as Python) the outputs u, or A and v. A fast and stable algorithm is extremely important here.

Matrices are used to store information. In applied mathematics, however, we often regard them as an “operator”: the matrix
A acts on vectors u and produces other vectors Au. The components of u have a meaning: they stand for displacements,
pressures, voltages, prices, or concentrations. The operator A also has a meaning: it forms differences. So the components

of A are pressure differences, voltage drops, or price differences.

We consider four special families of matrices. They are simple, useful, and truly fundamental. We first look at the properties
of these special matrices K, Cn, T, and B,,. Some properties are obvious, others are hidden. It is a pleasure to do linear

algebra with matrices that really matter.
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8.1. The Matrices K, and C,,

We begin by describing the matrices K5, K5, K, from the first family, whose diagonals carry the entries —1, 2, and —1:

2 -1
K2:<—1 2)’

What characterizes the matrices K5, K5, K, and finally the n X n matrix K ,?

1. The matrices are symmetric. The entry in row ¢, column j also appears in row j, column ¢, so K G = K i The
entries are mirrored across the main diagonal. For the whole matrix, symmetry reads K = K*.

2. The matrices K, are sparse. For large n, the vast majority of the entries are zero. K, has a million entries, but
only 1000 4 999 + 999 of them are nonzero.

3. The nonzero entries lie on a “band” around the main diagonal. Hence every matrix K, is a banded matrix. There is
only one superdiagonal and one subdiagonal, so these matrices are tridiagonal.

Because K is a tridiagonal matrix, Ku = f can be solved quickly. If the unknown vector u has a thousand components,
we can determine them in a few thousand steps (which takes a small fraction of a second on a computer). For a full matrix
of order n = 1000, solving Ku = f would take hundreds of millions of steps. Of course, we must first ask whether the
linear equations have a solution at all. We come to this question shortly.

4. The matrices have constant diagonals. This property practically calls for a Fourier transform. It indicates that some
quantity does not change as we move in space or time. The problem is translation-invariant or time-invariant. The
coefficients are constant. The tridiagonal matrix is completely determined by the three numbers —1, 2, —1. These
matrices are really “second difference matrices”.

The whole world of Fourier transforms is tied to matrices with constant diagonals. In signal processing, the matrix K /4
serves as a “high-pass filter”. The product (K /4)u selects the rapidly varying (high-frequency) component of a vector .
It is a convolution with 1(—1,2, —1).

Mathematicians call the matrix K a Toeplitz matrix, and Python uses this name as well: the command K4 = toeplitz([2,

-1, 0, 0]) constructs K, from row 1.

import numpy as np
from scipy.linalg import toeplitz
K4 = toeplitz([2, -1, 0, 01)

print (K4)
(l2-1 0 0]
[-1 2 -1 0]
[0 -1 2 -1]
[0 0-1 2]]

Definition 8.1 (Toeplitz Matrices). A Toeplitz matrix is a matrix in which all diagonals running from top left to bottom
right have the same value. For example, the following matrix is a Toeplitz matrix:

1 2 3 4
5 1 2 3
9 5 1 2 a
79 5 1

If we make two small changes in K, we obtain the family of matrices C,,: we enter the element —1 in the top right and
bottom left corners. This completes two (circulating) diagonals. Each row vector of C, is now shifted one entry to the right
relative to the row vector above it.
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8. Four Special Matrices K,,, C,,, T, , and B,

Definition 8.2 (Circulant Matrix). A circulant matrix (also “periodic matrix” or “cyclic convolution”) is a Toeplitz matrix
whose diagonals wrap around cyclically: each row arises from the row above it by a shift of one entry to the right, and the
entry pushed out at the right edge re-enters at the left edge. The matrices C,, are circulant. For n = 4,

2 -1 0 -1
-1 2 -1 0
Cy= o -1 2 -=1]° =

-1 0 -1 2

import numpy as np
from scipy.linalg import toeplitz
C4 = toeplitz([2, -1, 0, -11)

print(C4)

[[2-1 0-1]
-1 2 -1 0]
[0-1 2 -1]
[-1 0 -1 2]]

The matrix C) is singular. It is not invertible. Its determinant is zero. Instead of computing this determinant, it is better to
find a nonzero vector u that solves C,u = 0. (If Cy had an inverse, the only solution to C;u = 0 would be the zero vector.
We could multiply by C; ! to find that u = 0.) For this matrix, it is the column vector of all ones (that is, u = (1,1,1,1))
that solves the equation Cyu = 0.

The sum of the columns of the matrix C} is the zero column. The vector u = (17 1, 1, 1)T lies in the nullspace of
C,. The nullspace contains all solutions to Cyu = 0.

If the entries in every row of a matrix sum to zero, the matrix is certainly singular. The reason is again the column vector of all
ones. In the matrix multiplication C'yu, all column vectors are added. Each sum is zero. The constant vectoru = (1,1,1, 1),
or u = (v, o, o, ), from the nullspace behaves like the constant C' when integrating a function. In calculus, the “constant
of integration” cannot be determined from the derivative. In algebra, the constant o in u = (o, @, @, @) cannot be
determined from the equation Cyu = 0.

5. All matrices K = K, are invertible. Unlike the matrices C,,, they are not singular. There exists a square matrix K -1
such that K~' K = E. The matrix F is the identity matrix. If a square matrix has a left inverse, then KK ' = E
holds as well. If the matrix K is symmetric, this “inverse matrix” is symmetric too. However, the matrix ~1 js not
sparse.

The invertibility of a matrix is not easy to see at a glance. In theory, one could compute the determinant. Only if det K = 0
does no inverse exist, because computing K ! involves a division by det /. In practice, however, the determinant is almost
never computed. It is a cumbersome way to determine u = K ! f.

Instead, we proceed with the elimination steps that solve K« = f. These steps simplify the matrix so that it becomes
triangular. This gives us the pivots of the matrix.

Definition 8.3 (Pivots). A pivot is the entry of a matrix that is used during an elimination step to simplify the system of
equations. It is typically the first nonzero entry in the current row and lies on the main diagonal. Three operations are
allowed to transform the matrix into an upper triangular matrix: adding a multiple of one row to another, multiplying a row
by a nonzero scalar, and interchanging two rows. These operations use the pivots by making all entries below the pivots
zero. The pivots are therefore the diagonal entries of the resulting upper triangular matrix. O

The nonzero pivots on the main diagonal of the triangular matrix show that the original matrix K is invertible. (Important
note: we do not want and do not need K ! to determine u = K ! f. The inverse would be a full matrix with positive
entries. We compute only the solution vector u.)

6. The symmetric matrices K, are positive definite. This term may be new to you. Among other things, this chapter
is meant to explain what this important property means (K, has it, C; does not). Let me first contrast positive
definiteness and invertibility in terms of “pivots” and “eigenvalues”.

Definition 8.4 (Positive Definiteness). A symmetric n x n matrix A is called positive definite if u” Au > 0 holds for all
vectors u # 0. It is called positive semidefinite if uT Au > 0 holds for all vectors w. O
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8.2. From K, toT,

Theorem 8.1 (Pivots). An invertible matrix has n nonzero pivots. A positive definite symmetric matrix has n positive
pivots. O

Proof. We sketch the argument for both parts. A matrix is invertible if and only if elimination transforms it into an upper
triangular matrix without a zero row, that is, if and only if all n pivots are nonzero. A zero row would mean that the system
of equations has no unique solution. For a symmetric matrix A, elimination without row exchanges yields the factorization
A = LDLY with a lower triangular matrix L whose diagonal entries are 1 and the diagonal matrix D of the pivots. Then
u? Au = (LTu)T D(LTu), and because L7 is invertible, LT u runs through all nonzero vectors as u does. Hence A is
positive definite if and only if all pivots in D are positive. O

Example 8.1 (Pivots and Elementary Row Operations). The matrix

1 00
A=10 2 0
0 0 3

has the pivots 1, 2, and 3 on the main diagonal, all of which are greater than zero. The matrix is positive definite and
invertible. If we multiply the last row by —1 (an elementary row operation), we obtain the matrix

1 0 O
B=10 2 0 |.
0 0 =3

The pivots of the first two rows are still 1 and 2, but the pivot of the last row is —3. The matrix B is not positive definite,
but it is invertible, since all pivots are nonzero. O

Theorem 8.2 (Eigenvalues). An invertible matrix has n nonzero eigenvalues. A positive definite symmetric matrix has n
positive eigenvalues. O

Positive definiteness can be tested by means of the pivots and eigenvalues. The matrix C, is not positive definite because it
is singular. In fact, the matrix C, has three positive pivots and eigenvalues, so it “almost” passes the test. But its fourth
eigenvalue is zero (the matrix is singular). Since none of the eigenvalues is negative (A > 0), C, is positive semidefinite
(Definition 8.4).

When we solve Ku = f by elimination, the pivots appear on the main diagonal. The eigenvalues appear in Kv = Awv.
Positive definiteness can also be tested by means of the determinant (but not simply by det K > 0).

8.2. From K to T,

Besides the two families K, and C,, there are two further families you need to know. Matrices from these families are
symmetric and tridiagonal, like those from the family K,. For matrices from the family 7’ , however, the entry in position
(1,1) is not 2 but 1:
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8. Four Special Matrices K,,, C,,, T, , and B,

This first row (T stands for “top”) has to do with a new boundary condition whose meaning we will soon understand. For
now, we use the matrix 77 as a perfect demonstration example for elimination. Row operations make the entries below the
main diagonal zero.

In two elimination steps we turn the matrix 7’ into the upper triangular matrix U. In the first step we add row 1 to row 2 so
that all entries below the first pivot are zero. In the second step we add the new row 2 to row 3 to obtain U:

1 -1 0 1 -1 0 1 -1 0
Ty=1-1 2 -1 — 0 1 -1 — 0 1 —-1]=U.
0o -1 2 0 -1 2 0 0 1

All pivots of the matrix T are 1. We can apply our test for invertibility (all pivots must be nonzero). The matrix T’ even
passes the test for positive definiteness (three positive pivots). In fact, every matrix T}, of this family is positive definite,
because all pivots are always 1.

The matrix U has an inverse (which is automatically an upper triangular matrix). What is remarkable about this particular
inverse U ! is that all entries above the main diagonal are 1:

1 -1 0\ ' 11 1
U31—<0 1 —1) _(0 1 1).
0 0 1 00 1

From this we learn that the inverse of a 3 x 3 “difference matrix” is a 3 X 3 “sum matrix”. The product U~1U is the
identity matrix £. The matrix U forms differences, its inverse U ~! forms sums. Taking differences first and then sums
returns the original vector (u;, uy, ug).

1 -1 0 Uy Uy — Ug
(0 1 —1) (u2> = (u2 —u3) ,
0 0 1 Usg us —0
1 11 Uy — Uy Uq
(O 1 1) <u2 —u3> = <u2> .
0 01 ug — 0 Usg

U produces differences, that is,

and U1 produces sums, that is,

8.3. From T to B,

In the fourth family B,,, the last entry is also 1 instead of 2. The new boundary condition applies to both ends (B stands for
“both”). The matrices B,, are symmetric and tridiagonal. As you will see shortly, they are not invertible. The matrices B,,
are positive semidefinite, but not positive definite:

Again, elimination reveals the properties of the matrix. The first n — 1 pivots are 1, because nothing has changed here
compared with the matrix 7,,. But since the last entry of the matrix B is now 1, the last entry of the matrix U changes:

1 -1 0 1 -1 0 1 -1 0
B;=1-1 2 -1 — 0 1 -1 — (0 1 —1) =U.
0 -1 1 0 -1 1 0 O 0
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There are only two pivots. (A pivot must be nonzero.) The last matrix U is obviously not invertible. Its determinant is zero
because the third row contains only zeros. The constant vector (1, 1, 1) lies in the nullspace of the matrix U and hence also
in the nullspace of the matrix Bs.

The purpose of elimination was to simplify a linear system such as B;u = 0 without changing its solutions. In this case,
we could also have seen that the matrix B is not invertible from the fact that the entries in every row sum to zero. Then
the sum of the columns is the zero column. This is exactly what we obtain when we multiply the matrix B4 by the vector
(1,1,1).

Let me summarize this section in four points (all matrices considered are symmetric):

1. The matrices K,, and T, are positive definite and therefore invertible.
2. The matrices C,, and B,, are singular and positive semidefinite.

3. The nullspaces of the matrices C,, and B,, contain the constant vectors © = (&, c, ..., a). Their columns are
dependent.

4. The nullspaces of the matrices K, and 7,, contain only the zero vector u = (0,0, ...,0). Their columns are
independent.

8.4. Matrices in Python

8.4.1. Elementary Matrix Functions eye and ones

As a first step, we want to construct the matrices K,,. For n = 3 we can enter the 3 X 3 matrix row by row in square
brackets:

import numpy as np
K3 = np.array([[2, -1, 0], [-1, 2, -11, [0, -1, 2]11)

print (K3)

[[ 2 -1 0]
[-1 2 -1]
[o0-1 2]]

For large matrices this approach is too time-consuming. We can also generate the matrix K¢ with the command eye (): the
function eye (N, k) generates an identity matrix. The parameter k specifies the position of the diagonal: k=0 denotes the
main diagonal, k=1 the first superdiagonal, and k=-1 the first subdiagonal. The matrix K is symmetric.

K8 = 2*np.eye(8) - np.eye(8, k=1) - np.eye(8, k=-1)

print (K8)

[[2. -1. 0. 0. 0. 0. 0. 0.]
[-1. 2. -1. 0. 0. 0. 0. 0.]
[0. -1. 2. -1. 0. 0. 0. 0.]
[0. 0. -1. 2. -1. 0. 0. 0.]
[0. 0. 0.-1. 2. -1. 0. 0.]
[0. 0. 0. 0.-1. 2. -1. 0.]
[0. 0. 0. 0. 0.-1. 2. -1.]
[0. 0. 0. 0. 0. 0.-1. 2.1]

8.4.2. The Function toeplitz

The constant diagonal entries make K a Toeplitz matrix. The command toeplitz() generates the matrix K when each
diagonal contains only the same entry 2, —1, or 0.

K8 = toeplitz([2, -1, O, O, O, O, O, 01)
print (K8)
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8. Four Special Matrices K,,, C,,, T, , and B,

[[2-1 0 0 0 0 O O]
[-1 2-1 0 0 0 0 0]
[0-1 2-1 0 0 0 0]
[0 0-1 2-1 0 0 0]
[0 O 0-1 2-1 0 0]
[O O O 0-1 2-1 0]
[LO O O 0 0-1 2 -1]
[O O 0 0 0 0-1 211

Here we use the command [0] *6 for a zero vector, with which we generate the six zeros in the first row of the matrix Kg:

K8 = toeplitz([2, -1] + [0]x*6)

print (K8)

[[2-1 0 0 0 0 0O O]
[<-1 2-1 0 0 0 O 0]
[0-1 2-1 0 0 0 0]
[0 0-1 2-1 0 0 0]
[0 0 0-1 2-1 0 0]
[0 O 0O 0-1 2-1 0]
[0 O OO 0-1 2-1]
[oOo O O O 0 0-1 2]]

For an unsymmetric matrix with constant diagonal entries, you need the command toeplitz(coll, rowl). With coll
= [1, -1, 0, 0] androwl = [1, O, 0], this command generates a 4 X 3 matrix of backward differences that has
nonzero entries on only two diagonals, namely the entries 1 on one diagonal and the entries —1 on the other.

8.4.3. The Function KTBC(n)

To generate the matrices 7, B,,, and C,, from the matrix K, only individual entries need to be changed. The input is the
size n, and four matrices are generated.

The functionK, T, B, C = KTBC(n) generates the four special matrices under the assumption n > 1, using the following
rules (in MATLAB notation after Strang (2010)):

1. K = toeplitz([2 -1 zeros(1,n-2)]);
2. T =K; T(1,1) = 1;

3. B =K; B(1,1) = 1; B(n,n) = 1;

4. C=X; C(1,n) = -1; C(n,1) = -1;

It can be implemented in Python as follows:

import numpy as np
from scipy.linalg import toeplitz
def KTBC(n):
K = toeplitz([2, -1] + [0]*(n-2))
T = K.copy(O
T[0,0] = 1
B = K.copy(O)
B[0,0] = 1
Bln-1,n-1] = 1
C = K.copy(O
C[0,n-1] = -1
C[n-1,0] = -1
return K, T, B, C

n= 4

K, T, B, C = KTBC(n)
print (£"K{n} = \n{K}")
print (£"T{n} = \n{T}")
print (£"B{n} = \n{B}")
print(£"C{n} = \n{C}")
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K4 =
[[2-1 0 0]
[-1 2 -1 0]
[0-1 2 -1]
[0 0-1 2]]

T4 =

[[1-1 0 0]
-1 2 -1 0]
[0-1 2 -1]
[0 0-1 2]]

B4 =

[[1-1 0 0]
[-1 2 -1 0]
[0-1 2 -1]
[0 0-1 1]]

C4 =

[[2-1 0 -1]
-1 2 -1 0]
[0-1 2 -1]
-1 0 -1 2]1]

i Note

Strang (2010) treats further properties of the matrices K,,, T, , B,,, and C,,: which boundary conditions these finite
difference matrices correspond to, how elimination produces pivots in D and triangular factors in LDL”, how point
loads lead to the inverse matrices K ' and 7!, and why the eigenvalues and eigenvectors involve sines and cosines.
We take up only some of these topics in order to develop solution ideas for Exercise 11.1, and refer to the book for a
comprehensive treatment.

8.5. Eigenvalues and Eigenvectors of the Matrices K, T,, B,, and C,

i Literature Note

This section refers to Chapter 1.5 in Strang (2010).

This section begins with the equation Av = \v for an eigenvector v and its eigenvalue A. For small matrices A we can
solve Av = Av by starting from det(A — AF) = 0. You may already be familiar with this (for large matrices this method
would be dreadful). There is no “elimination” that delivers the exact eigenvalue A and the exact eigenvector v in finite time.
Since A is multiplied by v, the equation Av = Av is not linear.

A major success of numerical linear algebra is the development of fast and stable algorithms for computing eigenvalues
(especially for symmetric matrices A). The Python command eig(A) does not return an equation but n numbers Ay, ..., A,,.
In this chapter, however, we deal with special matrices! For these we will therefore determine A and v exactly.

8.5.1. Part I: Av = \v, A¥v = M\¥v, and the Diagonalization of A

Almost every vector changes its direction when multiplied by a matrix A. Certain exceptional vectors v lie on the same line
as Av. These are the eigenvectors. For an eigenvector, Av is the original vector v multiplied by a number .

The eigenvalue A tells us whether the special vector v is stretched, shrunk, reversed, or left unchanged when multiplied by
the matrix A. Possible cases are, for example, A = 2 (stretching), A = % (shrinking), A = —1 (reversal), or A = 1 (steady
state, since Av = v).

Theorem 8.3 (Eigenvalue Zero). A\ = 0 can also occur. If the nullspace contains nonzero vectors, then Av = Qv holds for
them. So the nullspace contains eigenvectors belonging to A = . O
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Theorem 8.4 (The Zero Vector). The zero vector is not an eigenvector. It is not changed by multiplication with a matrix.
Although AQ = X0 holds for every A, the zero vector does not count as an eigenvector by definition. O

For our special matrices we will guess v and then determine A. In the general case we determine A first. To separate A from
v, we first rewrite the basic equation:

Av = Avmeans (A — AE)v = 0.

The matrix A — AE must be singular. Its determinant must be zero. The eigenvector v lies in the nullspace of A — AFE.
First we note that A is an eigenvalue if and only if the shifted matrix A — AE is not invertible:

Theorem 8.5 (Eigenvalues: Characteristic Equation). The number X is an eigenvalue of A if and only if det(A — A\E) =
0. O

This “characteristic equation” det(A — AE) = 0 involves only the eigenvalue A, not the eigenvector v. The determinant
of A — A\FE is a polynomial of degree n in A. By the fundamental theorem of algebra, this polynomial must have n roots
Ay, s A, Some of these eigenvalues may have a higher multiplicity or be complex. In these cases we have a little more
work to do.

8.5.1.1. Diagonalization of a Matrix

When we deal with an eigenvector, multiplication by A reduces to multiplication by a number: Av = Av. All the difficulties
with the n X n multiplications disappear. Instead of having to treat a coupled system, we can now consider the eigenvectors
one at a time. It is as if we had a diagonal matrix in which the couplings through off-diagonal entries are absent.

With the help of the eigenvalues, we can also easily determine the 100th power of a diagonal matrix. The matrix A turns
into a diagonal matrix A when we use the eigenvectors correctly. This is the matrix form of our key idea. The only essential
computation follows.

Theorem 8.6 (Diagonalization of a Matrix). Suppose the n x n matrix A has n linearly independent eigenvectors vy, ... , v
These are the columns of an eigenvector matrix V. Then the matrix V"' AV = A is diagonal:

Al
VI9IAV = A = ( ) = eigenvalue matrix. 8.1)
)\TL

With Equation 8.1, K2100 can easily be determined using the eigenvalues and eigenvectors of the matrix .

Example 8.2 (Eigenvalues and Eigenvectors of the Matrix /,). We compute the eigenvalues and eigenvectors of the matrix
K, numerically in Python.

import numpy as np

from scipy.linalg import eig

K2 = np.array([[2, -11, [-1, 211)
eigenvalues, eigenvectors = eig(¥K2)

print (f"Eigenvalues of K2: {eigenvalues}")
print (f"Eigenvectors of K2: {eigenvectorsl}")

Eigenvalues of K2: [3.+0.j 1.+0.j]
Eigenvectors of K2: [[ 0.70710678 0.70710678]
[-0.70710678 0.70710678]]

As expected, the matrices K, — F and K, — 3E are singular. Each nullspace is a line of eigenvectors. We choose v; and
v, so that they have the simple components 1 and —1. Arbitrary (nonzero) multiples -y, v; and 7y,v, would have been just
as good as eigenvectors. Python chooses 7, and -y, with absolute value %, because the eigenvectors then have length 1
(that is, they are unit vectors).

If we use SymPy, a free Python library for symbolic mathematics, we obtain the exact eigenvalues and eigenvectors:
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import sympy as sp

K2 = sp.Matrix([[2, -11, [-1, 211

eigenvalues = K2.eigenvals()

eigenvectors = K2.eigenvects()

for i, (eigenvalue, multiplicity, eigenvector) in enumerate(eigenvectors):
print (f"Eigenvalue {i+1}: {eigenvaluel}")
print (f"Eigenvector {i+1}: {eigenvector}\n")

Eigenvalue 1: 1
Eigenvector 1: [Matrix([
(11,

(1111

Eigenvalue 2: 3
Eigenvector 2: [Matrix([
[-11,

[ 11D]

Thus we obtain the eigenvector (1, 1) for the eigenvalue A = 1 and the eigenvector (—1, 1) for the eigenvalue A = 3, that
is, after normalization, % (1,1) and (after multiplication by —1) %(1, —1). These eigenvectors of the matrix

2 -1
m=(4 )
are special (just like the matrix K itself). O

Theorem 8.7 (Orthogonal Eigenvectors of Symmetric Matrices). Every symmetric n X n matrix has a complete set of n
orthogonal unit eigenvectors. O

8.5.2. Application to Systems of ODEs

A single ODE ‘;—‘Z = ay has the general solution y(#) = Ce®". The initial value y(0) determines the constant C. The
solution y(t) = y(0)e? decays for a < 0 and grows for a > 0. Decay stands for stability, growth for instability. If a is
a complex number, its real part decides between growth and decay. The imaginary part w provides an oscillation factor
e/t = coswt + jsinwt.

Now we consider two coupled ODEs for the components of the vector v = (u;,u,)”, which together form the vector
equation %‘ = Au:

du

T; = 2ul Ug,
dug

E = —Ul + 2“2,

or

or equivalently
d (u U
8- ()
dt \usy Uy

The solution will still contain exponential functions e**. But there is no longer a single growth rate as in e®*. The associated
matrix A = K, has two eigenvalues A\; = 1 and A\, = 3. The solution therefore contains two exponential functions e’ and
e3!. They are multiplied by the eigenvectors v; = (1,1) and v, = (1, —1).

A

The correct way to find solutions is via the eigenvectors. The pure solutions e*v are eigenvectors that grow according to

their own eigenvalue 1 or 3. We combine them:

u(t) = Clet’Ul + 026375,02
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gives
U1<t) == Clet + CQegt, U2<t) — Clet - CQCBt,

(i) =0 () e (L)

This is the complete solution. The two constants C; and C,, are determined by the two initial values w4 (0) and u(0). First
convince yourself that each pure solution e*v solves the equation %—’; = Au:

or in matrix notation

A

Theorem 8.8 (Eigenvectors and Solutions). If v is an eigenvector of A for the eigenvalue ), then u(t) = e*wv solves the

ODE §¢ = Au.
O O

Proof. We have 9% = Xe*v = e Av = Au. O

The number e is just a factor by which all components of the eigenvector v are multiplied. This is the essential property
of eigenvectors: they grow or decay at their own rate A. The complete solution «(¢) is a combination of the pure modes
C;etv; and Cye3tu,,.

With Theorem 8.6, this computation can be carried out in general in three steps. One decomposes the initial value in terms
of the eigenvectors, u(0) = Cjv; + -+ + C,,v,,, multiplies each C; by e*i*, and obtains

n-n’
u(t) = CreMtoy + -+ Cpetnto, = VetV 1u(0),

where e is the diagonal matrix with the entries e*i? and the vector V~1u(0) contains the constants C1, ..., C,,.

Example 8.3 (Initial Values and Eigenvectors of the Matrix K,). Suppose the initial values are u; (0) = 7 and u4(0) = 3.
These determine the constants C'; and C,. At the starting time ¢ = 0, both growth factors e’ equal one:

=) oes () ()5l 2().

We solve the two equations and obtain C; = 5 and C,, = 2. The complete solution is therefore u(t) = betv; + 2e3v,. It
is a combination of a slower and a faster growth. For large ¢, the faster-growing ¢3! dominates, so the solution points in the
direction of vs. 0

In Section 8.7 we will discuss the important equation M + Ku = 0 in more detail.

Newton’s law involves acceleration (the second derivative of position with respect to time). We can imagine two masses
connected by springs. They can oscillate in phase, which corresponds to the first eigenvector (1, 1). But they can also
oscillate completely in antiphase, moving in opposite directions, which corresponds to the second eigenvector (1, —1).
The eigenvectors provide the pure oscillations /v, which are called “normal modes”. The initial conditions lead to a
superposition.

Normal modes are the characteristic patterns of motion of a system capable of harmonic oscillation, in which all parts of
the system oscillate at the same frequency. For a mass-spring chain or a polyatomic molecule, these are the specific ways in
which the system can oscillate. Normal modes describe the dynamics of the system completely. Under ideal conditions they
are decoupled, so each mode oscillates independently of the others.

Definition 8.5 (Normal Modes). Let K be the stiffness matrix of a system (it describes the forces that pull the elements of
the system back to the equilibrium position) and M its mass matrix (it describes the mass distribution). The motion of the
system obeys the ODE

Miu+ Ku =0,

where i is the second derivative of the displacement u(t) with respect to time. The normal modes are the solutions
of the form u(t) = ¢**v. Their vectors v and angular frequencies w result from the associated eigenvalue problem
Kv = w?>Mv. O

In practice, this means that when a normal mode is excited, all masses of the system oscillate coherently with the same phase
and frequency. The total motion of the system at any time can be expressed as a superposition of these normal modes.
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8.5.3. Symmetric Matrices and Orthonormal Eigenvectors

Our special matrices K ,,, T,,, B,,, and C,, are all symmetric. If A is a symmetric matrix, then its eigenvectors are orthogonal
(and the eigenvalues ) are real):

Theorem 8.9 (Symmetric Matrices and Orthonormal Eigenvectors). Symmetric matrices have real eigenvalues and
orthonormal eigenvectors. O

The columns of V' can then be chosen as orthonormal eigenvectors vy, ..., v,, with |v;| = 1. For the matrix with these
columns we write ) instead of V. Orthonormal vectors are orthogonal unit vectors:

vy v =

T {O for ¢ # j (orthogonal vectors),
J

1 for ¢ = j (unit vectors).

The matrix Q is easy to work with because Q7' (Q = E. The transpose is the inverse! This expresses once more, in matrix
language, that the columns of @ are orthonormal. Q7' () = E contains all the inner products, which are either 0 or 1.

For two orthonormal columns in three-dimensional space, @ is a 3 x 2 matrix. In this orthogonal case, Q7' Q = F still
holds, but not QQT = E. For a complete basis of eigenvectors, Q is square and Q7 = Q~!. When diagonalizing a real
symmetric matrix, V = Q and V! = Q7"

Theorem 8.10 (Symmetric Diagonalization). A real symmetric matrix A can be diagonalized by an orthogonal matrix Q):

A=VAV™ = QAQT withQT = Q7. O

Note that QAQ7 is automatically symmetric (like LDL™). These factorizations perfectly reflect the symmetry of the
matrix A. The eigenvalues A, ..., \,, form the “spectrum” of the matrix, and A = QAQ? is a statement of the spectral
theorem or the principal axis theorem.

8.5.4. Eigenvectors for Derivatives and Differences

A main theme in Strang (2010) is the analogy between discrete and continuous problems (matrix equations and ODEs).
The special matrices introduced so far produce second differences. We therefore first turn to the ODE —y” = Ay. The
eigenfunctions y(x) are sines and cosines.

Theorem 8.11 (Eigenfunctions of the ODE —y” = \y).

i \y(x) is solved by y = coswz, 1y = sinwx with A = w?. (8.2)
T
O

If we allow all frequencies w, we obtain an abundance of eigenfunctions. The boundary conditions select particular
frequencies w and decide between cosine and sine.

8.5.4.1. The Fixed-Fixed Eigenfunctions

With the boundary conditions y(0) = 0 and y(1) = 0, the fixed-fixed eigenfunctions are y(x) = sin kmwx. The boundary
condition 3(0) = 0 reduces to sin 0 = 0, the boundary condition y(1) = 0 to sin kw = 0.

The zeros of the sine function lie at the integer multiples of 7. Hence k = 1,2, 3, ... (since k = 0 only gives sin Oz = 0).
We substitute y(z) = sin k7z into Equation 8.2 to determine the eigenvalues A:
d2

—F(sin krx) = k*n? sin(krx) so A = k?r? = {n? 472,972, ..} .
T

Analogously, we will later offer a guess (discrete sine) for the discrete eigenvectors of the matrices K, .

If we change the boundary conditions, we obtain different eigenfunctions and eigenvalues. The solutions of the equation
—y” = Ay are still sines and cosines. Instead of the eigenfunctions y = sin(kmx), which vanish at the boundary points,
we obtain for free-free (zero slope), periodic, and free-fixed boundary conditions the following eigenfunctions y,, (x) with
the associated eigenvalues A;:
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* Asin B,,: y'(0) = Oandy (1) =0, y(z) = cos kmx, A = k*m2.
* Asin C,,: y(0) = y(1), ¥ (0) = y/'(1), y(x) = sin 27kx, cos 27rk:x, A\ = 4k272,
* AsinT,: y/(0) = Oand y(1) = 0. y(x) = cos (k + §) m, A = (k+3)" 72
Recall that the matrices B,, and C,, are singular (one eigenvalue is A = 0). Their continuous counterparts also have an

eigenvalue A = 0 with the eigenfunction cos Oz = 1 (set & = 0). This constant eigenfunction y(x) = 1 is like the constant
vector (1,1,...,1).

The free-fixed eigenfunctions cos (k: + %) mx start with zero slope, since sin 0 = 0. They end with zero height, because

cos (k+ 2)m = 0. Hence 4’ (0) = 0 and y(1) = 0. As we will see shortly, the eigenvectors of the matrices contain the
same sines and cosines (but their eigenvalues A are different).

8.5.5. Eigenvectors of the Matrices K ,: Discrete Sine Function

We now turn to the eigenvectors of the matrices with the entries —1, 2, —1. These are discrete sines and cosines: just try
substituting them. In all interior rows, the sequences y, = sin(¢#) and y, = cos(¢) satisfy the equation —y,_; + 2y, —
Ypi1 = AY, with the eigenvalues A = 2 — 2cos 0 > 0:

sin(4 —1)0 sin(£6) sin(f+1)0 | _ sin(£6)
-1 { cos({ —1)0 } +2 { cos(40) } -1 { cos(£+1)0 | — (2 —2cos6) cos(46) -
These are the imaginary and real parts of the simpler identity

—el(t-1)0 4 eI _ i(E+1)0 — (9 _ g=i0 _ ¢if)eif0

The boundary rows decide on 6 and everything else! For the matrices K , the angles are § = TH The first eigenvector v,
samples the first eigenfunction y(x) = sin(7x) at the n grid points with h = %H:
Theorem 8.12 (The First Eigenvector Is a Discrete Sine).

v, = (sin(7h), sin(27h), ..., sin(nwh)). 0O

The /th component is sin ( ) As required by the boundary conditions, it is zero for = 0 and £ = n + 1. The angle is
¢ = ;75 The smallest elgenvalue is A =2 —2cos(f) ~ 6.

The first eigenvalue of the matrix K, is
A =2 —2cos(mh) _2—2( 57 72h? + ) ~ T2h2.

Compare this value with the first eigenvalue A = 72 of the ODE (when y(z) = sin(mx) and —y” = 72y). Divide the
matrix K by h? = (Ax)? to be able to compare differences with derivatives. The eigenvalues of the matrix K must also
be divided by h?:

is close to the first eigenvalue \; = 72.

The remaining continuous eigenfunctions are sin(27z), sin(37x), and in general sin(k7wx). Clearly, the kth discrete
eigenvector again samples sin(k7z) at the grid points © = h, ..., nh:

Theorem 8.13 (Discrete Sine Eigenvectors and Eigenvalues of the Matrix K)). The eigenvectors (discrete sines) are

v, = (sin(kmh), ..., sin(nkmh)).

All eigenvalues of the matrix K, are

A, =2—2cos(kwh), k=1,...,n. O

The sum \; + --- 4 \,, must be 2n, because that is the sum of all main diagonal entries 2 (the trace). The product of the A
must be n + 1.
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Theorem 8.14 (Orthogonality of the Eigenvectors of Symmetric Matrices). The eigenvectors of a symmetric matrix are
orthogonal. O

The eigenvectors (1, 1) and (1, —1) in the two-dimensional case confirm Theorem 8.14 by example. The three eigenvectors
(whenn = 3 and n + 1 = 4) are the columns of the sine matrix (see Figure 8.1).

. sin 7zx sin 37x | cosOx =1
T R T . 4 o—
’ Y A 4
' ‘. ‘.
’ ‘ l' , 2 "
': ® ° COS 47X
(! ’
) N .
r ) )
y Y \ ’
— } > t - } t >
1 2 1 3 1 L 3 3 1
i N I\ i+ 3 X 6 6 R X
Y ’ Y ’
1 ’ ‘ ’
Y " . )
“ ’ ‘\ l:
. ’ . .
_1 1 \.' _1 1 5,;
n.Zz

Figure 8.1.: The three discrete eigenvectors fall on three continuous eigenfunctions. a) The eigenvectors v;, of the matrix

K, sample sin(kmx), k = 1,2, 3, at the grid points = %, %, % (h = %H = i). b) The eigenvectors of
the matrix By lie on the cosine curves cos(knx), k = 0, 1,2, sampled at x = %, %, %. Adapted from Strang

(2010).

Definition 8.6 (Discrete Sine Transform). The discrete sine transform (DST) is the multiplication by the n X n matrix

DST whose columns are the discrete sine eigenvectors vy, ..., v,, of the matrix K. Its entry in row ¢ and column £ is
; ke
sin (577). -

For n = 3 the matrix reads

in(5) sin(2) sn(E)N 21 P
DST = | sin %Tﬂ sin(%‘) sin %’r =11 0 -1
sin %’r sin(%’r) sin %’r g —1 g

The columns of the DST matrix are orthogonal vectors of length v/2. If we divide all components by /2, the three
eigenvectors become orthonormal. Their components lie on sine curves. The DST matrix becomes an orthogonal matrix

Q =DST/V2 with Q' = Q7.

8.5.6. Eigenvectors of the Matrices C,: Powers of ( = e2™/"

We consider the eigenvectors of the matrices C,,. These are sines and cosines, in other words: complex exponentials. The
matrices C,, are even more important than the matrices of the sine and cosine transforms, because the eigenvectors now
yield the discrete Fourier transform.

There are no better eigenvectors than these. Every circulant matrix (Definition 8.2) has such eigenvectors (Strang 2010, Ch.
4). Tts constant diagonals continue with wrap-around into the next row (the —1 below the main diagonal of C,, is carried
over into the top right corner). Our goal is to determine the eigenvalues and eigenvectors of the matrices C,,. The circulant
matrix C; has the form

2 -1 0 -1
-1 2 -1 0

o -1 2 -1
-1 0 -1 2

C4:

This real symmetric matrix has real, orthogonal eigenvectors (discrete sines and cosines). They have full periods like
sin(2kmx) instead of half periods like sin(k7z).
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Counting, however, becomes more difficult, because the cosines start with k& = 0 and the sines with & = 1. It is better to
work with complex exponentials e/, The kth eigenvector of the matrix C,, arises by sampling the function y,,(x) = gi2mka
at the n grid points 2 = £/n. This brings in the nth root of unity ¢ = e?™/™ a solution of 2" = 1 (Figure 8.2).

a) b)

Im(z)

Figure 8.2.: Roots of unity on the unit circle |2| = 1 of the complex plane. a) The solutions to z* = 1 are the four roots

z =1,—1,j,—j. The powers of { = e*™/* are 1,j, —1, —j. The arcs mark the angles 24”, 44”, and 6” . b) For

n =8, ¢ = e*7/® with the angle . The complex conjugate is ( = e 2™/8 = (7. Adapted from Strang
(2010).

Theorem 8.15 (Eigenvectors of the Matrices C,,). The £th component of the vector vy, is
@2mk(l/n) — ¢tk ¢ = &2m/" = nth root of unity. O
This special number ( is the key to the discrete Fourier transform. Its angle is 27 /n, which corresponds to the nth part of

the way around the unit circle. The powers of ( move around the unit circle and return to ("™ = 1. The eigenvectors and
eigenvalues of C), are

2rk
Uk:(17Ck,(2k,---,¢(n71)k), /\k:2_<k C k_2_2cos< ~ )

Theorem 8.16 (Eigenvalues of the Matrix C,,). Let ( = e/ Fork = 0,1,...,n—1, the vector v;, with the components

C* 0 =0,1,...,n — 1, is an eigenvector of C,, for the eigenvalue
2nk k
Ay =2—CF— (k—2—2cos<7r):4sin2<7r—>. O
n n
Proof. Row £ of C, v, reads —( ¢k 4 2¢tk — ¢+ Dk — (2 — ¢k — (k)¢ Because (" = 1, this also holds in the
first and the last row, where the indices ¢ — 1 = —1 and £ + 1 = n are read cyclically as n — 1 and 0. With (7% = ¢ ¢k we
have C¥ 4+ (7% = 2cos(2mk/n), and 2 — 2 cos p = 4sin?((p/2) yields the last form. O

The ordering is k = 0,1, ...,n — 1. The eigenvector with k& = 0 is the constant vector v, = (1,1, ...,1). The choice
k = n would give the same vector (1,1, ..., 1), so nothing new. The smallest eigenvalue 2 — 2cos 0 is \; = 0. The
matrices C,, are singular.

The eigenvector with k = 1isv; = (1,(, ..., (" 1). Its components are the n roots of unity, that is, the n solutions of
m=1.

Example 8.4 (Eigenvector v, of the Matrix C,). Figure 8.2 shows the unit circle |z| = 1 in the complex plane, where in
part a) of the figure the n = 4 values are equally spaced around the circle. These numbers are e, e27/4, e47i/4 ¢67i/4 and
their fourth powers are 1. For n = 4, { = j, and the following holds:

2 -1 0 -1\ /1
-1 2 -1 0 j
0 -1 2 —1]]j?
-1 0 -1 2/ \§

1
Cyvy = =2-j—j jjz = A0y
3
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For arbitrary n, the first row gives 2—(—("' = 2—(—C. Note that "' is also the complex conjugate { = e 27/" = 1 /C:
multiplying it by ¢ gives 1. Hence

_ , . 2
)\1:2—C—C:2—e2m/”—e_2m/”:2—2003<—7r>.
n

Now we know the first two eigenvectors v, = (1,1,1,1) and v; = (1,j,j?,j3) of C,. The eigenvalues are 0 and 2. To
complete the task, we need the eigenvectors v, = (1,j2,j%,i%) and v3 = (1,j3,j%,j%). Their eigenvalues are 4 and 2,
which come from 2 — 2 cos(7) and 2 — 2 cos(37/2). Then the sum of the eigenvalues is 0 + 2 + 4 + 2 = 8, which agrees

with the sum of the diagonal entries (the trace 2 + 2 4 2 + 2) of this matrix C,. O

8.5.6.1. Positive Definite Matrices

Positive definite matrices (Definition 8.4) have many equivalent characterizations. In my view, we need three basic properties
to make progress:

1. Every matrix K = AT A is symmetric and positive definite (or at least positive semidefinite).
2. If the matrices A and B are positive definite, then the matrix A + B is also positive definite.
3. All pivots and eigenvalues of a positive definite matrix are positive.

8.5.6.2. Properties of Eigenvalues and Eigenvectors

Table 8.2 summarizes the properties of matrices and their eigenvectors. The table contains the most important properties
discussed in this section. The eigenvectors of the matrices K, T}, and B,, are sines and cosines, the eigenvectors of the
matrices C,, are complex exponentials. The last row concerns the singular value decomposition (SVD) A = U YVT of an
arbitrary matrix A. Its factors U and V' are orthogonal, and X is diagonal and contains the singular values.

Table 8.2.: Properties of matrices and their eigenvectors

Matrix Eigenvalues Eigenvectors

symmetric all A are real orthogonal viij =0
orthogonal all |\ =1 orthogonal v/ v; = 0
skew-symmetric all \ are imaginary orthogonal v;-fvj =0
complex Hermitian all \ are real orthogonal v?wj =0

positive definite allA >0 orthogonal

Markov Amax = 1 steady state v > 0

similar (Definition 5.2) AB) = \(A) v(B) = Pv(A)

projection A=1;0 column space; nullspace
reflection E — 2uu”, A=-—1;1,...,1 u; orthogonal to u

rank 1, uv A=vTu;0,...,0 u; orthogonal to v

inverse 1/X(A) eigenvectors of A

shift by a multiple of E A(A) plus the shift eigenvectors of A

stable powers all |A] < 1 -

stable exponential allRe A < 0 -

cyclic A, = e2mik/n v = (L, A, o, APTH)
Toeplitz (K,,) Ap =2 — 2cos £ vy, = (sin - sin 247 )
diagonalizable diagonal of A columns of V' are independent
symmetric diagonal of A (real) columns of () are orthonormal
Jordan diagonal of J each block gives v = (0,...,1,...,0)
SVD singular values in 3 eigenvectors of AT A, AAT inV,U
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8.6. Equilibrium and the Stiffness Matrix

8.6.1. A Spring Chain

1 Literature Note

This section refers to Chapter 2.1 in Strang (2010).

Figure 8.3 shows three masses m,, m,, ms connected by springs. In one example it is a chain of four springs, fixed at
the top and at the bottom. In the second example there are only three springs: the first spring is fixed at the top, and the
lowest mass hangs free. The boundary conditions in the two examples are fixed-fixed and fixed-free, respectively. We seek
equations for the essential variables, the displacements of the masses and the tensions in the springs:

u = (uq, Uy, ug) = displacements of the masses,

w = (wy, Wy, w3, wy) or (wy, Wy, ws) = tension in the springs.

The displacement of a mass has a positive sign when the mass is pulled downward. Under tension the spring force w, has a
positive sign, under compression a negative one (w; < 0). Under tension the spring is stretched and then pulls the masses
together. Under compression the masses are pushed apart by the spring.

‘We need the elastic properties (the spring constants c;) of each spring. This is an essential change compared with Section 8.1!
The matrices K,, and T}, treated there had “spring constants = 1. Here c; relates the elongation ¢, to the force w,. Hooke’s
law reads w,; = c;e;, that is, force equals spring constant times elongation. With four springs there are four constants c;,
Cq, C3, Cy.

Our task is to link these equations for the individual springs into a vector equation f = Ku for the whole system. The
vector f is the external force. Gravity pulls on each mass and gives f = (m, g, myg, m3g). At the surface of the earth, g
is about 9.8 m/s?. Multiplied by the mass, this gives a force.

Our real problem is the stiffness matrix K that links u to f. Two different structures, namely the springs with fixed-fixed
and with fixed-free boundary conditions, also produce two different K.

It is best to construct K in three steps rather than in one. Now comes the dominant basic pattern of this chapter, which we
first look at for a spring chain. Instead of linking the displacements u directly to the forces f, for n masses and 7 springs it
is better to link each vector to its successor in the following list:

e u = (Uy,Usg,...,u,): displacements of the n masses,

e e=(e,€y,...,€,): elongations of the r springs,

e w= (wy,w,y,...,w,): internal forces in the r springs,
o f=(f1, fa, - [,,): external forces on the 7 masses.

The basic pattern that links u, e, w, and f is shown in Figure 8.4.

For both examples we will write down the matrices A, C, and AT first for the case with fixed ends and then for the case
with a freely hanging lower end. Forgive the simplicity of the matrices; their significance lies in their form.

In the first step we determine the elongation e. It is a measure of the strain, that is, of how strongly the springs are stretched.
Initially there is no displacement and no stretching (the system lies on a table). When it is set upright, gravity acts. The
masses fall by u, uy, us. If mass 2 falls by u, and mass 1 falls by u, then the spring stretches by u, — u; (Figure 8.5).

The lower end of spring ¢z moves down by ;. Its upper end moves down by u,_,. If both ends move by the same amount,
the spring is not stretched: u; = u;_; and e¢; = 0. Note that the equation e; = u; — u;_, (the difference of displacements)
also holds at the ends if we fix them at the top and bottom by u, = 0 and u, = 0.

In the four equations, the matrix A is a 4 x 3 difference matrix. We write these four differences u; — u,;_; as a matrix A
multiplied by a vector u. Our equation for the strain is e = Au:

ey 1 0 0 u Uy

el [-1 1 0 ul | uy—yy
es| |0 -1 1 u2 T ug —uy
ey 0o 0 -1 3 —ug
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m v_u l Ui

us

us
Cy s

I/t4:0 W4=O

Figure 8.3.: Spring chain with three masses 1, my, M4 and spring constants c;: a) fixed-fixed boundary conditions with
four springs (uy = u, = 0), b) fixed-free boundary conditions with three springs (u, = 0, w, = 0). Dashed
lines show the rest positions, solid lines the equilibrium positions under gravity for ¢; = ¢ and m; = m, that
is,u = "4(1.5, 2, 1.5) and u = "4(3, 5, 6), respectively. The arrows show the displacements u; (positive
downward). Adapted from Strang (2010).

R" > e R" e=Au A:rXn

|

w=Ce C:rXxr

f=ATw AT nxr

C
Rl e |—|wl|ler | f=ATCAu=Ku

Figure 8.4.: Basic pattern K = AT C A: the displacements u € R™ of the masses yield the elongations e = A of the r
springs (A is an r X n matrix), Hooke’s law yields the internal forces w = Ce (C is 7 X r), and the force
balance yields the external forces f = ATw (AT is n x r). Together, f = ATC Au = Ku. Adapted from
Strang (2010).
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““““ - lo + e;

Figure 8.5.: Elongation of spring ¢: at rest it has the length [,. If its upper end moves down by u;_; and its lower end by u,,
it has the new length [ + e; with the strain e; = u; — u,_;. Adapted from Strang (2010).

For a continuous problem, the differences e = Au become e = g—;f. The matrix becomes a derivative! Instead of a matrix

equation we now obtain an ODE.

In the second step, the physical equation w = C'e links the elongations e of the springs to the spring tensions w. This
is Hooke’s law w,; = c;e; for each individual spring. It is the “constitutive law”, which depends on the material of the
spring and on its shape. A soft thin spring has a small c;, so that a moderate force w, can cause a large elongation e;. Note
again that Hooke’s law is linear. This description is nearly exact over a wide range, until the spring is overstretched and the
material deforms.

Each spring has its own law. Therefore, the matrix C' in w = Cle is a diagonal matrix. For the four springs, Hooke’s law in
matrix form reads

wq ¢ 0 0 O €

wy| 10 ¢ 0 O ey |
wg | [0 0 ¢g O s = Ce.
wy 0 0 0 ¢ ey

If we substitute ¢ = Aw into w = Ce, we know the relation w = C' Au between the internal spring forces w and the mass
displacements u.

In the third step we come to the balance equation. The internal forces w of the springs must balance the external forces f
on the masses. Each mass is in equilibrium: it is pulled upward by a spring force w; and at the same time pulled downward

by a spring force w; ., and the gravitational force f;. Hence w; = w; ; + fj, or f; = w; —w; ;.

The force balance AT w = f reads

fi Wy — Wy 1 -1 0 0 w
fs Wg — Wy 00 1 -1 3

This is the matrix A”7'! The balance equation of the forces is f = AT w. In a natural way, the rows and columns of the e-u
matrix are transposed so that the f-w matrix comes out. Herein lies the beauty of this basic pattern: A7 appears together
with A.

8.6.2. Stiffness Matrix and Solution

All large finite element programs devote considerable effort to assembling the stiffness matrix K = AT C A from smaller
pieces. For four springs we do this by matrix multiplication of A7 with C' A. Here is the stiffness matrix K for fixed-fixed
boundary conditions:

1 -1 0 o0\(% CO 8 O 0
K=ATCA=1|0 1 -1 0 02 —Z c =] —¢cg cy+cy —c3 |.
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If all springs are identical with ¢; = ¢y = ¢35 = ¢, = 1, then C is the identity matrix, C = E, and the stiffness matrix
reduces to K = AT A. With ¢; = 1 we thus obtain the special matrix Kj:

Theorem 8.17 (Stiffness Matrix with C' = E (Fixed-Fixed)). The stiffness matrix with C' = E is K:

2 -1 0
Ky=ATA=|—-1 2 —1}|. m

0o -1 2

A chain of four identical springs, fixed at both ends, has led us to our favorite matrix. A chain of n + 1 identical springs
would give K,,. The matrix is tridiagonal because each spring is connected only to its two neighbors. It has constant
diagonal entries because all springs are identical. The matrix K, is symmetric positive definite because nature insists on
this property (by producing A and AT).

K, = AT A is something quite different from K; = LLT. The matrix A from the problem with four springs is a 4 x 3
matrix. The matrix L from elimination (Cholesky factorization) is square. The matrix K is assembled from A” A and then
factored into LL™. One step belongs to applied mathematics, the other lies in the realm of scientific computing. Every
matrix K, is assembled from rectangular matrices and factored into square matrices.

Let me list a few properties of the matrix K = A7 C A. Almost all of them are familiar to you:

1. K is tridiagonal because mass 3 is not connected to mass 1.

2. K is symmetric because C' is symmetric (and AT appears together with A).
3. K is positive definite because A has independent columns.

4. K~ is a full matrix with only positive entries.

This last property has an important consequence for u = K ! f: if all forces act downward ( fj > 0), then the masses are
displaced only downward (u; > 0). Bear in mind that the “positivity” of a matrix is something different from its “positive
definiteness”. Here the matrix K is not positive (its entries include —1), while both matrices K and K ! are positive
definite.

Example 8.5 (Spring Chain with Fixed-Fixed Ends (Example 2.1 from Strang (2010))). Suppose ¢; = ¢ and m; = m.
Determine the displacements u and the forces w.

All springs and masses are identical. But the displacements, elongations, and spring forces will not all be identical. The

inverse matrix & ! contains the factor %, because the matrix K = AT C'A contains the factor c. For the displacements,

1 3 2 1 mg m 1.5
u=K'f==—12 4 2| [mg|="2(20].
de\1 2 3/ \ung ¢ \15

The displacement 1, of the middle mass is larger than u; and u5. The units are consistent: the force mg divided by the
force per unit length ¢ gives a length u. The elongations of the springs are

1 0 0 r 1.5
e |t 0 me (S _ma | 05
e=au 0 -1 1 ]7%¢ \75 c | —05
0 0 -1 ' 1.5

The sum of these elongations should be zero because the ends of the chain are fixed. And indeed uq + (ug — u;) + (ug —
Ugy) + (—ug) = 0. To compute the spring force w, by Hooke’s law only e needs to be multiplied by c. So wy, wy, Wy, wy
equal 1.5 mg, 0.5 mg, —0.5mg, —1.5 mg. The two upper springs are stretched, the two lower springs are compressed.

Note how u, e, w were computed in this order. We assembled K = A”C'A from rectangular matrices. To determine
u = K1 f, we work with the whole matrix and not with its three parts. The rectangular matrices A and A” have no
(two-sided) inverses. In general, you therefore cannot write K ' = A~1C~1(AT)"1.

The matrices are linked by the triple product A7 C'A and cannot simply be separated again. In general, ATw = f has
many solutions. Four equations in three unknowns would usually have no solution. But A7 C'A delivers the correct solution
to all three equations in the basic pattern. Only in the case r = n with square matrices can we go from w = (AT)f1 f via
e =Clwtou = A"te. We will look at this now. O
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8.6.3. Fixed and Free End

Let us remove the fourth spring. All matrices become 3 x 3 matrices. The pattern does not change! The matrix A loses
its fourth row (there is no e,). Furthermore, the matrix AT loses its fourth column (there is no w,). The stiffness matrix
becomes a product of square matrices:

1 0 0 ¢ 00 1 -1 0
A=|—-1 1 0o, ¢=|0 ¢ 0, AT=|0 1 —1].
0 —1 1 0 0 o 0 0 1

For fixed-free boundary conditions, this gives

cp+ecy  —Cy 0
K = ATCA == _CQ 02 + 03 _CS .

O _CS 63

You recognize this matrix in the standard case ¢; = ¢y = ¢3 = 1. It is the familiar tridiagonal matrix with the entries
—1,2, —1, but the last entry is not ¢3 + ¢, = 2 but c; = 1. Compared with T’; from Section 8.1, the ends are interchanged,
so that the hanging matrix H results. This corresponds to a second difference matrix with u, = 0 at one end and v, = u4
at the other. The lowest mass hangs free.

Example 8.6 (Fixed-Free Spring Chain (Example 2.2 from Strang (2010))). For the fixed-free hanging spring chain, ¢; = ¢
and m; = m for all 7 and j. Then

2 -1 0 L /111
ATCA =¢ (—1 2 —1) , (ATcA) 1t == (1 2 2) .
0 -1 1 c\1 2 3

The displacements u = K ! f differ from those in the example with fixed-fixed boundary conditions because the matrix K

has changed:
1 1 11 mg mg 3
u=(ATCA)1f== (1 2 2) (mg) = (5) . O
c\1 2 3 mg ¢ \6

In this case with fixed-free boundary conditions, the displacements (3, 5, 6) are larger than the displacements
(1.5, 2.0, 1.5) from before. The number 3 appears as the first displacement u, because all three masses pull the first
spring downward. The next mass has an additional displacement (3 + 2 = 5) due to the two masses below it. The third
mass moves down even further, namely by (3 4+ 24+ 1 = 6). The elongations e = Aw of the three springs show these three

numbers 3, 2, 1:
SRR
e=Au=|-1 1 0]|—|5]=—12]{.
0 —1 1/ ¢ \6 ¢ \1

After multiplication by c, the forces in the three springs are therefore w; = 3mg, wy = 2mg, and w3 = mg. The first
spring carries three masses, the second spring two, and the third spring one. All springs are now stretched.

The special feature of a square matrix A is that the internal forces w can be read off directly from the external forces f. The
balance equation ATw = f determines w immediately and uniquely, because = n and A” is square and invertible. For

the spring forces,
1 11 mg 3mg
w= (AT f = (O 1 1) (mg) = (2mg> .
0 0 1 mg mg

Then the elongations e follow from C' 1w and the displacements u from A~ e. In this “determinate” case r = n we may

write (ATCA)™1 = A~tC1(AT)~ L

If the displacement at the upper end is fixed by u, = 0, a force is needed to accomplish this. This is an external reaction
force f, that supports the chain of springs. This reaction force is not given in advance. It is part of the result of the force
balance at the upper end. The first spring pulls downward with an internal force w; = 3mg. The reaction force pulls
upward with f, = —3myg to balance this force. A structural engineer must know the reaction forces to make sure that the
support holds and the building does not collapse.
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Example 8.7 (Spring Chain with Free-Free Ends (Example 2.3 from Strang (2010))). A spring chain with free-free boundary
conditions has no support. This causes trouble with A and K (spring 1 has disappeared). The matrix A is a 2 X 3 matrix,
short and wide. Here is e = Au:

€9 = Ug — Uy, €3 = Uz — Uy,

Now there is a nonzero solution to Au = 0. The masses can move without stretching the springs: the whole chain can
move by u = (1,1,1), and still e = (0, 0). The columns of A are dependent, and the vector (1, 1, 1) lies in the nullspace.

For this rigid-body motion,
1
u = (1) , Au= <O) =e.
1 0

In this case AT C'A cannot be invertible. K must be singular, because Au = 0 obviously leads to ATC Au = 0. The
stiffness matrix is still square and symmetric, but it is only positive semidefinite (like B,, with two free ends):

Co —Cy 0
ATCA = —02 CQ + C3 _03 .

0 —C3 Cs

The pivots are ¢, and ¢5. There is no third pivot. Two eigenvalues are positive, but the vector (1,1, 1) is an eigenvector for
A = 0. The matrix is not invertible, and we can solve AT C Au = f only for special vectors f. The external forces must
add up to zero: f; + fy + f3 = 0. Otherwise, the whole spring chain (with two free ends) would take off like a rocket.

In Strang (2010, Problem 2.1.4, p. 126), the upper end is pulled upward and the lower end downward, with the forces
canceling each other. We can solve AT C Au = (—1,0, 1) even though the system is singular. A circle of springs (X is

then the circulant matrix C, from Section 8.1) is also singular. O
a) b)
————— | g
l o 1 2
mi
_____ 1 a e 4 msj
"

e B 1 “ ms -\/WW- my

Figure 8.6.: Rigid-body motions without support. a) Free-free spring chain: all masses shift by the same amount o
(translation), no spring is stretched, so Au = 0 has the nonzero solution © = (v, @, &) and AT C A is singular.
b) Circle of six springs: an equal shift « of all masses along the circle (rotation) likewise stretches no spring,
and this (circulant) stiffness matrix is singular as well. Adapted from Strang (2010).
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8.7. Oscillations by Newton’s Law

i1 Literature Note

This section refers to Chapter 2.2 in Strang (2010).

This section deals with the most important law of mechanics, Newton’s law F' = mii: force equals mass times acceleration.

Let n masses my, ..., m,, be given that obey this law. Their displacements u, (), ..., u,,(t) change with time, but by no
. 2 .
means at nearly the speed of light (we hope). The acceleration of each mass is the second derivative © = % (also written

as uy, or u”). We need the forces F.

Compare the statement of F' = mi with the statement about equilibrium in the previous section. There the masses did not
move (it = 0). Each mass was in equilibrium between external forces f and spring forces Ku. Now the masses are out of
this equilibrium: F' = f — Ku = 0, the masses are in motion. In the case f = 0 there are only spring forces, and

Mi = —Ku.

Friction and damping terms would involve the velocities 1 = ‘;—1;. This is the case for flow problems (and for many
applications in which flows play a role). In this section, only % occurs and no %. Without damping or external forces, the
springs oscillate forever. The sum of the kinetic energies %muQ of the masses and the stored energies %662 of the springs

must be constant.

When we treat coupled ODEs, we naturally use matrices. The vector of n displacements is u(¢), and we write the masses
into a diagonal mass matrix M = diag(my, ..., m,, ):

(%(ﬂ) (m1 0 )
u(t) = : ; M = .
Uy (t) 0 my,

The vector of the n external forces on the masses is f(¢). If Ku = f holds, the masses are in equilibrium: there are no
oscillations. The force in Newton’s law ' = M4 is the difference F' = f — Ku.

Theorem 8.18 (Newton’s Law).

F=Mi, so f—Ku=Mi or Mi+ Ku=Ff. O

We do not have to repeat the same steps for every new application. That is the advantage of the basic pattern! Once the
matrices A, C, K = ATC A, and M are known, the system works by itself. The basic equation M + Ku = 0 with
f = 0 is conservative. We will solve it exactly using the eigenvalues and eigenvectors of M 1 K.

In real applications, large problems are solved using finite differences with time steps At. A key point in scientific computing
is the choice between “explicit” and “implicit”. With explicit methods we obtain the new Mu(t + At) directly.

8.7.1. One Mass and One Spring

Let us begin with a mass m hanging from a spring (with spring constant ¢). The upper end is fixed. When the mass moves
down by a displacement u(t), the spring pulls it back up with the force —cu(t). The spring force has a negative sign
because it opposes the displacement. Newton’s law mii = —cu gives the equation for the one unknown (%),

2

u
m@‘FCU:O

with given ©(0) and %(0).
Keep in mind that we are talking here about motion about the equilibrium position. Gravity has already been accounted for.
If you wanted to compute the total displacement from the rest position (without any stretching), you would have to add

mg on the right-hand side and the value % to the solution, the constant value of u at equilibrium. We measure from the
equilibrium point rather than from zero.

The solution u(t) contains cosines and sines (a second-order equation has two solutions). For m = 1 and ¢ = 1, cos(t) and
sin(t) already satisfy the equation i + u = 0. Otherwise, we need a factor -~ from the second derivative in the equation,

so we multiply ¢ by the natural angular frequency w, = /c/m:
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Theorem 8.19 (Oscillation Solution). With w, = +/c/m, the solution of mii + cu = 0 reads

u(t) = Acos(wyt) + Bsin(wyt). O

At t = 0 the displacement is u(0) = A. Taking the first derivative of u(t) gives the velocity. At¢ = 0 the velocity is
4(0) = Bwy. The initial conditions therefore determine A = (0) and

The larger wy), the faster the mass oscillates. A small mass on a stiff spring oscillates quickly, like an electron. A large mass
hanging from a soft spring oscillates slowly, like a heavy ball on a rubber band.

The potential energy in the one spring is %ch. The kinetic energy of the one mass is %m(ﬂ)Q. With more springs and
masses, the potential energy becomes %eTC e. The kinetic energy is then %uTM u. The total energy (sum of kinetic and

potential energy) is constant and equal to its value at time ¢t = 0:

Theorem 8.20 (Energy Conservation).

Lo Loy 1 o L
5 () + 5CU (t) = 5 (0) + 5CU (0). O

Proof. For one spring, the derivative of the total energy is maii + cut = 4 (mii 4+ cu). Because mil + cu = 0, this
derivative is zero, so the energy does not change. O

Example 8.8 (Fixed-Fixed (Example 2.4 from Strang (2010))). We consider two equal masses m,; = m,, and three identical
springs: both ends are fixed. The 2 X 2 mass matrix is simply M = mE. We are also already familiar with the 2 x 2
stiffness matrix:

. . 2 -1 1 Cc (2 -1
Fixed-fixed K = c( 1 9 ) , M—/K-= - (_1 9 ) .
The eigenvalues are \; = < and Ay = 3. The eigenvectors are v; = (1,1) and v, = (1, —1). They are orthogonal with

respect to the M inner product. Here, however, M = mFE and M ! K are symmetric, so they are orthogonal in the usual
sense and v{ v, = 0. Substitute \; and v; into the general solution

u(t) = Z (Ai cos(r/\t) + B; sin(\//\j-t)) v, (8.3)

n
=1

The solution is a combination of the normal modes v; and vy:

u(t) = (Al cos (ﬁt) + B, sin (ﬁt)) G) + <A2 cos (ﬁt) + Bysin (ﬁt)) (_11>

Part a) of Figure 8.7 shows these two pure oscillations. In v; = (1, 1) the masses oscillate in phase. If they start with the
initial conditions u, (0) = u4(0) and 1, (0) = 4(0), they oscillate in phase forever. In v, = (1, —1) the masses oscillate
in antiphase (they move in opposite directions). The oscillation is faster because A, has the factor 3. O

Example 8.9 (Lower End Free (Example 2.5 from Strang (2010))). Masses m; = 9, my = 1 with¢; = 75, ¢ = 6: lower
end free.

Now ¢; = 75 and ¢, = 6 are substituted into K = AT C A. The entries of the last row sum to zero (free end):

) (9 0 _(75+6 —6
Fixed-free M_<0 1), K—( 6 6)'

The eigenvalues A\; = 5 and A, = 10 come from M 1K (note the missing symmetry):

81/9 —6/9

-1 —
M K_<—6 6

> leadsto det (M 'K —AE) = A? — 15\ + 50 = 0.
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a) b)

m my = ¢ 1
v v
C =
A €2 6 A
m

O

m my =1
v v
A =clm A =3c/m A1=5 A =10
vi=(1, 1) =1, -1) vi=(,6) v=(2,-3)

Figure 8.7.: Normal modes of two masses. The arrows are proportional to the components of the eigenvectors (positive
downward). a) Fixed-fixed with equal masses m and springs c: in the slow mode v; = (1,1) with A; = ¢/m
the masses oscillate in phase, in the fast mode v, = (1, —1) with A, = 3¢/m in opposite directions. b) Lower
end free with m; =9, my, =1, ¢; = 75, ¢, = 6: eigenvectors v; = (1,6) for \; = 5 and vy = (2, —3) for
Ay = 10. The smaller mass is displaced more strongly in both modes. Adapted from Strang (2010).

The eigenvectors v; = (1,6) and v, = (2, —3) are not orthogonal because M 1 K is not symmetric. We must have
vl Mwv, = 0. Here (1)(9)(2) + (6)(1)(—3) = 0. Now the smaller mass is displaced more strongly in both normal modes
vy and vy, as can be seen in part b) of Figure 8.7. Starting from rest at u(0) = (1, 0) (there are no sine terms), the solution
is again a combination of two normal modes:

u(t) = (%cos(\/gt) + Osin(\/gt)> (é) + (% cos(V/10t) + Osin(\/ﬁt)> (_23> . O
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9. Turbines and Turbochargers

0.1. Definitions

Definition 9.1 (Turbine). A turbine is a rotating turbomachine that converts the drop in internal energy of a flowing fluid
(liquid or gas) into mechanical rotational energy, which it delivers via its shaft. In an axial furbine the working fluid flows
parallel to the shaft, in a radial turbine radially, i.e., perpendicular to the shaft. O

Axial turbines are used in large engines, radial turbines in small engines.

Definition 9.2 (Turbocharger). A furbocharger is a component for compressing the air supplied to an internal combustion
engine (engine supercharging). It uses part of the energy of the engine exhaust gas by means of a turbine to drive a
compressor, usually a radial compressor. O

Figure 9.1 shows an exhaust gas turbocharger for a gasoline (Otto) engine.

Turbine

Spiralgehause
Leitbeschaufelung
Rotor

Bild 1.1: Abgasturbolader fiir einen Ottomotor
mit Radialturbine mit verstellbarer
Leitschaufelgeometrie von Borg Warner
Turbo Systems aus Sterner et al. (2006)

Verdichter

Figure 9.1.: Exhaust gas turbocharger. Taken from Schwitzke (2015)

Definition 9.3 (Impeller and Rotor). An impeller consists of a ring of blades (vanes, rotor blades) that are held on the shaft
by a suitable attachment. The totality of all impellers together with the connecting shaft is called the rotor. O

A distinction is made between main blades and splitter blades. A rotor, including the compressor wheel, is shown in
Figure 9.2.

9.2. High-Cycle and Low-Cycle Fatigue

Definition 9.4 (Low-Cycle and High-Cycle Fatigue). Material fatigue due to alternating loads is divided into low-cycle
fatigue (LCF) and high-cycle fatigue (HCF). LCF describes the consequences of low-frequency, mostly thermal loads caused
by changing operating states of the machine. HCF denotes damage caused by high-frequency dynamic loads resulting from
vibrations. O

Failure due to rotor vibrations is prevented by balancing and by sufficient damping in the plain bearings. Damage caused by
blade vibrations is critical and unpredictable.

The interaction of the rotor blades with components of the housing or of the guide vane assembly gives rise to pulsating
aerodynamic forces that induce a wide variety of bending and torsional vibrations of the blades.
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9. Turbines and Turbochargers

Figure 9.2.: Rotor of a turbocharger with turbine (left), compressor (right), steel shaft, and radial and axial bearings. Source:
MAN Energy Solution SE (2023)

The fluid-mechanical interaction of the guide vanes with the blades of the rotor produces high force amplitudes, which
favor vibration excitation. In addition, the high excitation frequencies, which result from the number of guide vanes as a
multiple of the rotational frequency, prove to be problematic. They fall into the range of the high natural frequencies of the
stiff rotor geometry with its blades, which are relatively short compared with those of axial rotors. In the relevant frequency
range, a typical rotor geometry has a large number of natural frequencies. On the other hand, in conjunction with the wide
speed range in which turbochargers are operated, a broad excitation spectrum results. The consequence is a large number of
possible resonance states within the operating range. Resonances are therefore unavoidable. To ensure a fatigue-resistant
design of the rotor structure, critical resonant vibrations must be identified and their amplitudes must be predictable.

9.3. Natural Vibration Behavior of Turbomachines
Vibration investigations of turbomachines begin with a modal analysis of the rotor.

Definition 9.5 (Modal Analysis). Modal analysis determines the natural vibration behavior of a structure, i.e., its natural
frequencies and the associated mode shapes, which are also referred to as modes. O

The number of existing modes depends on the number of degrees of freedom of the vibrating system. For a continuum,
theoretically infinitely many modes therefore exist. In the relevant frequency range, which follows from the excitation
spectrum, a rotor usually has a finite number of modes. Knowledge of the natural frequencies and the associated modal
deformations is the basic prerequisite for all further HCF investigations.

9.3.1. Blade and Disk Mode Shapes
9.3.1.1. The Behavior of a Single Blade

As shown in Figure 9.3, a blisk (blade integrated disk) consists of a disk and several blades. Axial blades can approximately
be regarded as bending plates clamped at one end.

Each mode shape has an associated natural frequency, of which the one for the first bending mode takes the smallest value.
Typically, the first torsion and the second bending mode form the next higher natural frequencies. With increasing frequency,
a vibration referred to here as stiff bending occurs in the direction with the higher second moment of area. A longitudinal
stretching of the blade, which is not shown, plays a subordinate role because it is not excited by aerodynamic excitation
forces during operation.

Higher modes are formed by the superposition of the shapes named first. The sequence of the natural frequencies depends
on the dimensions. For the flat plate and also for a twisted plate, the natural frequencies and the modal shapes can be
derived from an analytical solution of the vibration equation.

152
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Schaufel
1. Biegung 1. Torsion 2. Biegung
lql
max
Scheibe ) :
min steife Biegung Blegun_g und Tram Line
Torsion

Figure 9.3.: Four blade-disk sectors of a blisk (left) and blade mode shapes of a flat plate clamped at one end (right). Regions
of the plate with a high displacement amplitude are shaded, while the light zones contain nodal lines along
which the blade shows no displacement from its initial state during the vibration. Taken from Schwitzke (2015)

9.3.1.2. The Behavior of a Disk

The disk serves to absorb centrifugal forces and to transmit the torque to the shaft. It is shown in idealized form in order to
illustrate typical disk mode shapes by means of nodal diameters and nodal circles.

Definition 9.6 (Nodal Diameter and Nodal Circle). A nodal diameter (KD, from the German “Knotendurchmesser’’; usually
abbreviated ND in English) is a nodal line through the center of the disk along which the disk is not deformed. A nodal
circle (KK) is a circular nodal line. The mode shapes are designated KDO, KD1, KD2, ... according to their number of
nodal diameters. KDO is the homogeneous, in-phase displacement without nodal diameters. O

These mode shapes are shown in Figure 9.4 for a disk of constant thickness clamped at its center. Mode shapes with nodal
circles are relevant only for rotors with correspondingly slender disks. MacBain et al. (1979) compare the experimental

generation of mode shapes with nodal diameters with the results of the finite element method (FEM).

KDO KD1 KD1 und KK1

! < I <

Figure 9.4.: Mode shapes of a flat disk clamped at its center with nodal diameters and nodal circles. The amplitude of the
local deformation is again visualized by black shading for the first mode shapes. The first shape on the left
describes a homogeneous, in-phase displacement along the entire circumference and can occur in the axial,
radial, or circumferential direction. These mode shapes are frequently referred to as the umbrella mode. The
next three modes show the characteristic nodal diameters. With increasing natural frequency, their number
increases, with the first three shapes (KD1-KD3) shown as examples. The umbrella mode named first follows
the nomenclature and is designated KDO. For the idealized structure, further shapes with nodal circles and
their superpositions with nodal diameters result, as shown on the right. Taken from Schwitzke (2015)
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10. Models for Vibration Analysis

Strehlau (2011) uses a model of a cyclically symmetric structure consisting of individual masses to understand the basic
vibration behavior of blisks, see Figure 10.1.

9

Figure 10.1.: Schematic structure of a cyclically symmetric model; single sector (left), assembled structure (right). Taken

from Strehlau (2011)

Table 10.1 summarizes the symbols used in this chapter.

Table 10.1.: Symbols in Chapter 10 (g corresponds to the displacement vector u from Section 8.7; K = ¢ Cly)

Symbol Meaning Type Defined in
Spring constant Constant Theorem 2.7

e Euler’s number Constant Example 2.1

] Running index (row/column, Index Definition 10.1

mass, blade); italic, as
distinct from the imaginary

unit j
i Imaginary unit, j> = —1 Constant Equation 2.5
k Running index Index Definition 3.1

(time/iteration step, mode,
eigenvalue number)
m Mass Constant Theorem 2.6
4,9 Displacement vector of the ~ Vector Equation 10.1
oscillator chain; q;
displacement of element j

4, qx Amplitude vector in the Vector Proposition 10.2
ansatz ¢ = get; g, mode
shape (eigenvector) of mode
k

t Time Scalar Figure 2.2
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Symbol Meaning Type Defined in

Ay, By, Coefficients of the real Scalar Equation 10.4
modal solution,
q(t) = 3 (Ay coswyt +
By, sinwyt)qy: Ag, By
rigid-body component

C, Circulant matrix (—1,2,—1 Matrix Section 8.1
cyclic); Cy for the ring of
N masses

c, Complex coefficient of the Scalar Equation 10.3
modal solution,
C, = 3(A, +iBy);
conjugate Qk

D Damping matrix Matrix Section 10.1

K Identity matrix Matrix Definition 5.1

G Matrix of the gyroscopic Matrix Section 10.1
forces (gyroscopic matrix)

K Stiffness matrix, Matrix Definition 8.5,
K = ATC A:; here Equation 10.2
K=cCy

K; Element of the matrix K in  Scalar Equation 10.2
row %, column j

M Mass matrix, Matrix Definition 8.5
M = diag(mq,...,m,,);
here M = mE

N Number of masses, springs, Index Definition 10.1
or blades (ring)

¢ n-th root of unity, Scalar Section 8.1
¢ = e¥/™; { conjugate

A Eigenvalue or root of the Scalar Definition 5.1
characteristic equation
(exponent in the ansatz e*);
)\k + = :l:]wk

My Eigenvalue of C', Scalar Proposition 10.1
py, = 4sin?(rk/N)

s The number pi Constant -

PKD Inter-blade phase angle, Scalar Definition 10.2
vxp = 2rKD/N

Wy, Natural angular frequency Scalar Proposition 10.1
of the k-th normal mode; it
vanishes for £ = 0 (never
written as w)

q,q First and second derivative ~ Operator Equation 2.8
with respect to time ¢

> Sum Operator Equation 8.3

KD Number of nodal diameters; Index Definition 9.6,
KD,,.x its maximum Equation 10.7

Schwitzke (2015) uses a simplified spring-mass system with [NV springs and /N masses, see Figure 10.2 top left. Using this
cyclically symmetric structure with six blades, he illustrates the eigenvalue pairs resulting from the solution of the equation
of motion M ¢ + K q = 0 and the associated six natural frequencies and mode shapes.

10.1. Mathematical Derivation

The mathematical considerations in this section follow Strehlau (2011) and Schwitzke (2015). Further information can be
found in Zurmiihl and Falk (1992) (p. 296, “Zweites Beispiel” (second example), and p. 359, Equations 57 and 59).
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Figure 10.2.: Model of an ideal bladed disk and mode shapes KDO to KD3 with rotating nodal diameters. For a cyclically
symmetric structure with six blades, the solution of the equation of motion yields N = 6 eigenvalue pairs
and thus six natural frequencies and mode shapes (KDO, twice KD1 and KD2, and once KD3). Taken from
Schwitzke (2015)

The general homogeneous equation of motion
Mi+(D+G)i+Kq=0

with mass matrix M, damping matrix D, stiffness matrix K, the matrix G of the gyroscopic forces, and the displacement
vector g simplifies for D = G = 0 (undamped, without gyroscopic forces) to

M+ Kq=0. (10.1)

Definition 10.1 (Cyclic Oscillator Chain). A cyclic oscillator chain consists of N identical masses m connected by N
identical springs with spring constant c to form a closed ring. Element j obeys the equation of motion

mg; = —c(qg;—q; 1) —clg;—¢j1),  j=1,...,N,

with cyclically read indices (g := gy, G141 = ¢y)- In matrix form, this is Equation 10.1 with the mass matrix M = mFE
and the stiffness matrix

2 -1 0 .. 0 -1
-1 2 -1 .. 0 0
K=cCy=c ? _:1 2 (,_) ? , (10.2)
o o0 o .. 2 -1
-1 0 0 .. -1 2
thatis, K; ; =2cand K ;| = K, ;1 = —c (cyclically, i.e., Ky y = Ky 1 = —0). O

The j-th row of K thus contains the coefficients of the equation of motion of element j. Both M and K are symmetric, and
the vector g has IV degrees of freedom. With the ansatz for a harmonic oscillation

q(t) = Ge
division by e* # 0 yields the eigenvalue problem
NMGeM + KgeM =0 < (MM +K)Gg=0.

Proposition 10.1 (Natural Angular Frequencies of the Cyclic Oscillator Chain). The eigenvalue problem (\2M + K)q = 0
of the cyclic oscillator chain has N solutions for N> and thus 2N eigenvalues Ay = tjwy with the natural angular

frequencies
c
wk. == 2 -_—
m

Proof. Since M = mE and K = ¢ C), we have \? = —-= 1y, where j1, are the eigenvalues of C'y. By Theorem 8.16
and its subsequent generalization to all eigenvectors of C,,, i, = 2 — 2 cos(27k/N) = 4sin(nk/N), k= 0,...,N — 1.
Hence A = +j2+/c¢/m |[sin(wk/N)|. O

wk
in — k=0,1,..., N —1. O
SlnN’ b} )
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10. Models for Vibration Analysis

For k = 0 the natural angular frequency vanishes: the ring moves as a whole without stretching any spring. The eigenvalue
A = 0 is then double, and the associated component of the solution is (A, + Byt) g, instead of an oscillation.
The solution is the superposition of the IV partial solutions with the eigenvectors §j,,

N-1 o

q(t) = (Ag+ Bot) Go + > G, (C, ekt + C, e¥iont) (10.3)

k=1
with constant, mutually complex conjugate coefficients C, = 1(A, +jBy) and Qk = (A, — jBy). Buler’s formula
then yields the real solution

2

1
q(t) = (Ay + Byt) ¢p + (A, cos(wyt) + By, sin(wyt)) . (10.4)
1

>
Il

The eigenvalues A, follow from the natural angular frequencies wy,; the eigenvectors ¢, are the associated mode shapes.

Proposition 10.2 (Mode Shapes of the Cyclic Oscillator Chain). For 0 < k < N /2, the indices k and N — k share the
same natural angular frequency w,, = wy_. The associated eigenvectors

cos(1 x 27k /N)
cos(2 x 27k /N)

U= | cos(j x éwk/N) (10:5)
cos(N x 27k /N)
and
sin(1 x 27k/N)
sin(2 x 27wk/N)
q (10.6)

IN-k = | sin(j x éﬂ'k/N)

sin( N ><.27r/<:/N)

are mutually orthogonal. The j-th row contains the displacement of the j-th element of the oscillator chain. For k = 0 and,
for even N, for k = N /2, only the cosine vector Equation 10.5 is an eigenvector. O

Proof. As shown after Theorem 8.16, (¢*, (2%, ... (VM)T with ¢ = e?™/N js an eigenvector of C v for the real eigen-
value p;,. Since Cy is real, the real and imaginary parts of this vector are also eigenvectors for ;. These are Equa-
tion 10.5 and Equation 10.6. For k = 0 and k¥ = N/2 the imaginary part vanishes. Orthogonality follows from

sz: | cos(2mjk/N) sin(27jk/N) = Zji  sin(4mjk/N) = 0 for 2k # N. O

10.2. Interpretation of the Mathematical Considerations

Section 10.1 yields the following relationships. For k = 0, the eigenvector shows that all blades are maximally displaced at
the same time. This corresponds to the KDO mode shape in Figure 10.2 (bottom left), for which a single eigenvalue occurs.
The indices k£ and N — k yield a cosine- or sine-shaped deformation along the circumference, that is, a mode shape with
k = KD nodal diameters, see Figure 10.3.

For an even number NN of blade-disk sectors, k = NV / 2 also has only a single solution; in the case considered (Figure 10.2),
this is the KD3 mode shape. All remaining eigenvalues, i.e., for odd N all those with & #* 0, occur twice. Their two
eigenvectors are mutually orthogonal, which, as in Figure 10.3, shows up as a position of the nodal diameter lines rotated by
the angle 7/(2KD).

At the maximum number of nodal diameters, all adjacent blades vibrate in antiphase. For odd numbers of blades, one blade
does not participate in the vibration at KD, ,, if the nodal diameter line passes through it. Mode shapes with KD > KD,
are confined to the disk, since the cyclically symmetric structure, with its limited number of blade-disk sectors, cannot
represent such vibrations. For example, the dashed KD5 mode shape in Figure 10.3 exhibits the same blade displacements
as the one with a single nodal diameter. The maximum number of nodal diameters follows from the number /V of blades:

N/2 for even N,
KD, = (10.7)
(N —1)/2 forodd N.
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10.3. Phase Angle of the Blades

10.3. Phase Angle of the Blades

According to Equation 10.3 or Equation 10.4, the j-th blade, i.e., the j-th element of the oscillator chain, performs a
harmonic oscillation that can be represented either in complex exponential form or with trigonometric functions. A single
mode shape describes an in-phase vibration of all blades with nodal diameter lines fixed relative to the structure. Since the
double eigenvalue pairs share the same natural frequency, both mode shapes occur superimposed under excitation. Their
superposition yields a rotating mode shape. Since the nodal diameter lines have no preferred direction in the ideal system,
they rotate counterclockwise or clockwise, as indicated in Figure 10.2. The blades perform a wave motion and consequently
do not vibrate in phase.

Definition 10.2 (Inter-Blade Phase Angle). The inter-blade phase angle (blade phase angle) is the phase difference between
two adjacent blades of a rotating mode shape with KD nodal diameters,

_ 27KD

O

Figure 10.3 shows the inter-blade phase angle for KD1. Each blade experiences its maximum displacement at a different
time and leads or lags the adjacent blade by ¢grp.

0,5

Auslenkung g
o

o
o

O KD1 Sinusforrln

I 1 ® KD1 Kosinusform ; o ;
Sinusform 1 2 3 4 5 6 Kosinusform
Schaufel j / Winkel ¢ 2n

Figure 10.3.: Unrolled sine and cosine shapes for the KD1 vibration and a KD5 vibration (dashed) as well as the inter-blade
phase angle for KD1. Taken from Schwitzke (2015)

Figure 10.4.: Overview of the vibration modes of a free-standing blade; the deformation of the blade is shown. Source:
MAN Energy Solution SE (2023)
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Chair of Stnuciural Mechanics and Vehicle Vibrational Technology | Waber | Kihhom 14

Figure 10.5.: Overview of the nodal diameters (NDO to ND4) of the disk for the first blade vibration mode S1 from Figure 10.4.
The deformation of the blades along the circumference is shown as a function of the nodal diameter of the
disk; NDO to ND4 correspond to KDO to KD4. Source: MAN Energy Solution SE (2023)
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11. Project: Vibration Analysis of Turbochargers

Exercise 11.1 (Spring-Mass Systems).

1. Implement a solution for the spring-mass system with N springs and N masses described in Chapter 10 (after
Schwitzke (2015)) in order to analyze the vibrations of a turbocharger. The model you implement should be based on
Equation 10.1 and should be able to compute the vibrations of the turbocharger as a function of the system parameters.
Try to reproduce the steps described in Section 10.1. Where possible, create graphical representations of the results.

2. Compute the natural frequencies/eigenvalues and mode shapes/eigenvectors of the system, analytically where possible
and additionally numerically (by programming). O

1 Deliverable Format

Submit a Jupyter notebook that runs on the IDE+A JupyterHub, additionally as a PDF (max. 10 pages).
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A. Table of Integrals

Table A.1 lists the antiderivatives used in these lecture notes, in particular for separation of variables and variation of
constants (Section 2.2.1). Constants of integration are omitted.

Table A.1.: Antiderivatives

fz)

[ f(z)dx

mon#£—1

Bl= &

x

a2 a+0
sinx
cos T

re®

T Cosx

[CR Y]

T
wn+1
n+1
In|z|
eZ

1 Lax

=€
a

—CcosT
sinx
(x—1)e®
rsinx + cosx

The last two rows follow from integration by parts

/u’vdx—uv—/uw’ dz,

see also Remark 2.1.
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